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Abstract Much of the existing literature on involutive bases concentrates on 
their efficient algorithmic construction. By contrast, we are here more concerned 
with their structural properties. Pommaret bases are particularly useful in this re- 
spect. We show how they may be applied for determining the Krull and the projec- 
tive dimension, respectively, and the depth of a polynomial module. We use these 
results for simple proofs of Hironaka's criterion for Cohen-Macaulay modules and 
of the graded form of the Auslander-Buchsbaum formula, respectively. 

Special emphasis is put on the syzygy theory of Pommaret bases and its use for 
the construction of a free resolution. In the monomial case, the arising complex al- 
ways possesses the structure of a differential algebra and it is possible to derive an 
explicit formula for the differential. Furthermore, in this case one can give a sim- 
ple characterisation of those modules for which our resolution is minimal. These 
observations generalise results by Eliahou and Kervaire. 

Using our resolution, we show that the degree of the Pommaret basis with 
respect to the degree reverse lexicographic term order is just the Castelnuovo- 
Mumford regularity. This approach leads to new proofs for a number of character- 
isations of this regularity proposed in the literature. This includes in particular the 
criteria of Bayer/Stillman and Eisenbud/Goto, respectively. We also relate Pom- 
maret bases to the recent work of Bermejo/Gimenez and Trung on computing the 
Castelnuovo-Mumford regularity via saturations. 

It is well-known that Pommaret bases do not always exist but only in so-called 
(5-regular coordinates. Fortunately, generic coordinates are (5-regular We show that 
several classical results in commutative algebra, holding only generically, are true 
for these special coordinates. In particular, they are related to regular sequences, 
independent sets of variables, saturations and Noether normalisations. Many prop- 
erties of the generic initial ideal hold also for the leading ideal of the Pommaret ba- 
sis with respect to the degree reverse lexicographic term order We further present 
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a new simple criterion for detecting 5-singularity leading to a deterministic ap- 
proach for finding (5-regular coordinates that is more efficient than all solutions 
proposed in the hterature so far. 

1 Introduction 

Rees ll53l introduced a combinatorial decomposition of finitely generated polyno- 
mial modules and related it for graded modules to the Hilbert series. Later, more 
general decompositions of k-algebras were studied by Stanley and several other 
authors (see e. g. [7, 13,61 ,62|), especially in the context of Cohen-Macaulay com- 
plexes but also for other applications like invariant theory or the theory of normal 
forms of vector fields with nilpotent linear part. Sturmfels and White 1671 pre- 
sented algorithms to compute various combinatorial decompositions. 

Apparently all these authors have been unaware that similar decompositions 
are implicitly contained in the Janet-Riquier theory of differential equations. In 
fact, they represent the fundamental idea underlying this theory. Involutive bases 
combine this idea with concepts from Grobner bases. As we have seen in Part I, 
one may consider involutive bases as those Grobner bases which automatically 
induce a combinatorial decomposition of the ideal they generate. 

The main goal of this second part is to show that Pommaret bases possess a 
number of special properties not shared by other involutive bases which makes 
them particularly useful for the structure analysis of polynomial modules. A num- 
ber of important invariants can be directly read off a Pommaret basis. One reason 
for this is that Pommaret bases induce the special type of decomposition intro- 
duced by Rees |53 1 and which now carries his name. 

Pommaret bases (for ideals in power series rings) implicitly appeared akeady 
in the classical work of Hironaka |40| on the resolution of singularities. Later, 
Amasaki mm followed up this idea and explicitly introduced them under the name 
WeierstraB bases because of their connection to the WeierstraB Preparation The- 
orem. In his study of their properties, Amasaki obtained to some extent similar 
results than we present in this article, however in a different way. 

This second part is organised as follows. Section|2]discusses the problem of S- 
regularity and presents a very simple and effective criterion for detecting (5-singular 
coordinate systems based on a comparison of the Janet and Pommaret multiplica- 
tive variables. The proof of this criterion furthermore implies a method for the 
automatic construction of (5-regular coordinates without destroying too much spar- 
sity. As a first application, we determine the depth of a polynomial ideal T and a 
maximal X-regular sequence. 

The following section studies combinatorial decompositions of general poly- 
nomial modules using involutive bases. A trivial application, already given by 
Janet [42] and Stanley [61], is the determination of the Hilbert series and thus 
of the Krull dimension. For Pommaret bases an alternative characterisation of the 
dimension can be given which is related to Grobner's approach via maximal in- 
dependent sets of variables ll32ll44J . Extending our previous results on the depth 
from submodules to arbitrary polynomial modules, we obtain as a simple corollary 
Hironaka's criterion for Cohen-Macaulay modules. 
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Section m discusses the relation between (5-regularity and Noether normalisa- 
tion. It turns out that searching (5-regular coordinates for an ideal X is equivalent 
to putting simultaneously X and all primary components of It^I into Noether po- 
sition. As a by-product we provide a number of equivalent characterisations for 
monomial ideals possessing a Pommaret basis and show how an irredundant pri- 
mary decomposition of such ideals can be easily obtained. These results are heav- 
ily based on recent work by Bermejo and Gimenez lfT2ll . 

Section |5] develops the syzygy theory of involutive bases. We show that the 
involutive standard representations of the non-multiplicative multiples of the gen- 
erators induce a Grobner basis (for an appropriately chosen term order) of the first 
syzygy module. Essentially, this involutive form of Schreyer's theorem follows 
from the ideas behind Buchberger's second criterion for redundant ^-polynomials. 
For Janet and Pommaret bases the situation is even better, as the arising Grobner 
basis is then again a Janet and Pommaret basis, respectively. 

In the next three sections we construct by iteration of this result free resolu- 
tions of minimal length. We first outline the construction for arbitrary polynomial 
modules with a Pommaret basis. Then we specialise to monomial modules where 
one can always endow the resolution with the structure of a differential algebra 
and provide an expUcit formula for the differential. In the special case of a sta- 
ble monomial module the resolution is even minimal. Most of these results are 
inspired by and generalisations of the work of Eliahou and Kervaire [26]. 

In Section |9] we show that the degree of a Pommaret basis with respect to the 
degree reverse lexicographic order equals the Castelnuovo-Mumford regularity of 
the ideal. Together with our results on the construction of (5-regular coordinates, 
this leads to a simple effective method for the computation of this important in- 
variant. As corollaries we recover characterisations of the Castelnuovo-Mumford 
regularity previously proposed by Bayer/Stillman ifTOl and Eisenbud/Goto [241 . 
In the following section we discuss the relation between regularity and saturation 
from the point of view of Pommaret bases. Here we make contact with recent 
works of Trung |70] and Bermejo/Gimenez [12j. 

Finally, we apply the previously developed syzygy theory to the construction of 
involutive bases in iterated polynomial algebras of solvable type. A rather technical 
appendix clarifies the relation between Pommaret bases and the Sturmfels- White 
approach ll67l to the construction of Rees decompositions. 

2 Pommaret Bases and ^-Regularity 

We saw in Part I (Example 2.12) that not every monoid ideal in Ng possesses a 
finite Pommaret basis: the Pommaret division is not Noetherian. Obviously, this 
is also implies that there are polynomial ideals I Q V — k[xi, . . . , Xn] without 
a finite Pommaret basis for a given term order However, we will show now that 
at the level of polynomial ideals this may be considered as solely a problem of 
the chosen variables x. For this purpose, we take in the sequel the following point 
of view: term orders are defined for exponent vectors, i.e. on the monoid Nq; 
performing a linear change of variables x = Ax. leads to new exponent vectors in 
each polynomial which are then sorted according to the same term order as before. 
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Definition 2.1 The variables x are (5-regular /or the ideal T Q V and the term 
order ^, X possesses a finite Pommaret basis for ^. 

Given our definition of an involutive basis, it is obvious that ^-regularity con- 
cerns the existence of a Pommaret basis for the monoid ideal le^X. A coordinate 
transformation generally yields a new leading ideal which may possess a Pom- 
maret basis. In fact, we will show in this section that for every polynomial ideal 
T C V variables x exist such that T has a finite Pommaret basis provided that the 
chosen term order -< is class respecting^] 

Besides showing the mere existence of (5-regular variables, we will develop in 
this section an effective approach to recognising (5-singular coordinates and trans- 
forming them into (5-regular ones. It is inspired by the work of Gerdt [281 on the 
relation between Pommaret and Janet bases and the key ideas have already been 
used in the context of the combined algebraic-geometric completion to involution 
of linear differential equations 1 36 1 . We begin by proving two useful technical lem- 
mata. The number maxhen deg h is called the degree of the finite set 7Y C P and 
denoted by degH. 

Lemma 2.2 Let the set Ti. be a homogeneous Pommaret basis of the homogeneous 
ideal X Q V. Then for any degree q > degTi a Pommaret basis of the truncated 
ideal I>q = 0p>, Ip « given by 

Hq = {x^'h \hen, deg h = q, Vj > els ft. : fij = O} . (1) 

Conversely, if X>q possesses a finite Pommaret basis, then so does T. 

Proof According to the conditions in ([T]), each polynomial h G His multiplied by 
terms containing only variables which are multiplicative for it. Thus trivially 
c\s{x^h) = cls/i. Furthermore, Hq is involutively head autoreduced, as H is. 
Now let / £ T>q be an arbitrary homogeneous polynomial. As is a Pommaret 
basis of T, it has a standard representation / = J2heH with polynomials 
Ph G h[xi, . . . , Xc\s h] ■ Hence / can be written as a linear combination of polyno- 
mials x'^h where = deg / — deg ft > q — deg ft and where x" contains only 
multiplicative variables. We decompose — fi + p with ~ q — deg ft and 
Pj = for all j > els/i. Thus x'^h — xf{x^h) with x^h G Hq and x^ contains 
only variables multiplicative for it. But this trivially implies the existence of a stan- 
dard representation / = J^h'en ^h'h' with P^' G k[xi, . . . , Xc\sh'] and thus Hq 
is a Pommaret basis of I>q. 

The converse is also very simple. Let Hq be a finite Pommaret basis of the 
truncated ideal X>q and Hp head autoreduced k-linear bases of the components 
Xp for < p < If we set 7i = lJp=o ■'^9' '■^^'^ le^Ti is obviously a weak 
Pommaret basis of the full monoid ideal le^X and by Proposition 5.7 of Part I an 
involutive head autoreduction yields a strong basis. □ 

' Recall from the appendix of Part I that any class respecting term order coincides on 
terms of the same degree with the reverse lexicographic order. 
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Lemma 2.3 With the same notations as in Lemma |Z21 let M — le^Tiq. If ly (£ Af 
with c\sv = k, ther^ v — 1^ + Ij € M for all k < j < n. Conversely, let 
M C (Ng )g be a set ofmulti indices of degree q. If for each v £ J\f with clsv = k 
and each k < j < n the multi index v — Ik + \j is also contained in M, then the 
set Af is involutive for the Pommaret division. 

Proof j is non-multiplicative for i/. As JV is an involutive basis of lc^X>g, it must 
contain a multi index /i with /i |p + Ij. Obviously, els + Ij) = k and thus 
cls/i > k. Because of = the only possibility is /i = jy + Ij — Ife. The 
converse is trivial, as each non-multiplicative multiple of G A/^ is of the form 
v + Ij with j > k = clsiy and hence has u — Ik + Ij as an involutive divisor □ 

As in practice one is defining an ideal X C P by some finite generating set 
J- C T, we introduce a concept of (5-regularity for such sets. Assume that is 
involutively head autoreduced with respect to an involutive division L and a term 
order then we call the total number of multiplicative variables of the elements 
of J-" its involutive size and denote it by 

= J2 I^L,^,^(/)| . (2) 

Let X ~ Ax be a linear change of coordinates with a regular matrix A e k" ^ " . 
It transforms each polynomial f G V into a polynomial f E V = h[xi, . . . , i„] 
of the same degree. Thus !F is transformed into a set C 7^ which generally is no 
longer involutively head autoreduced. Performing an involutive head autoreduction 
yields a set . The leading exponents of JF^ may be very different from those 
of and thus |.F|l,^ may differ from 

Definition 2.4 Let the finite set T <Z V be involutively head autoreduced with 
respect to the Pommaret division and a term order -<. The coordinates x are called 
(5-regular/or T and -<, if after any linear change of coordinates x = Ax the 
inequality \ J-\p^-^ > |.F^|p,^ holds. 

Example 2.5 Let us reconsider Example 2. 12 of Part I where T — {xy} C ]k;[a;, y] . 
Independent of how we order the variables, the class of is 1. After the change 
of coordinates x = x ~\- y and y = y,we obtain the set T = {y^ + xy} C h[x, y]. 
If we use the degree reverse lexicographic order, the leading term is y^ which is 
of class 2. Thus it is possible to enlarge the involutive size of and the original 
coordinates are not (5-regular The new coordinates obviously are, as a higher class 
than 2 is not possible. <l 

Note that generally (5-regularity of the variables x for a finite set !F according 
to Definition 12.41 and for the ideal T = {T) according to Definition 12.11 are in- 
dependent properties. For a concrete instance where the two definitions differ see 
Example |2 . 7| below where one easily checks that the used coordinates are (5-regular 



" Recall from Part I that Hi denotes for any number ^ G N the multi index where all 
entries except the ith one vanish and the ith one is given by I. 
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for the whole submodule but not for the given generating set, as any transforma- 
tion of the form x — x + ay with a 7^ will increase the involutive size. The main 
point is that (5-regularity for the ideal I is concerned with the monoid ideal le^I 
whereas (5-regularity for the set T depends on the ideal (Ic^JF) C Ic^X. 

Proposition 2.6 Let TL be a Pommaret basis of the ideal X Q V for the term 
order -<. Then the coordinates x are 5-regular for TL and 

Proof By definition, \e^7i is a Pommaret basis of le^X. Thus it suffices to con- 
sider homogeneous ideals and, by Lemma IZSl we may further reduce to the case 
that all generators are of the same degree q. The involutive size of Tiq is then the 
vector space dimension of Iq+i- This value is independent of the chosen coordi- 
nates and no involutively head autoreduced set can lead to a larger involutive size. 
Thus our coordinates are (5-regular for 7i, too. □ 

Thus we conclude that (5-regularity is necessary for the existence of Pommaret 
bases and from an algorithmic point of view (5-singular coordinates are "bad". Note 
that for the completion Algorithm 3 of Part I (5-regularity for the current basis Ti. 
is as important as (5-regularity for the ideal I ~ (H) . Even if the variables x are 
(5-regular for I, it may still happen that the algorithm does not terminate, as it tries 
to construct a non-existing Pommaret basis for (le^TY). 

Example 2. 7 One of the simplest instance where this termination problem occurs is 
not for an ideal but for a submodule of the free ]k;[a;, y]-module with basis {ei , 62}. 
Consider the set !F = {y^ei,xyei + e2,a;e2} and any term order for which 
xyei >- 62- The used coordinates are not (5-regular for JF, as any transformation 
of the form x ~ x + ay with a 7^ will increase the involutive size. Nevertheless, 
the used coordinates are (5-regular for the submodule (JF). Indeed, adding the gen- 
erator ye2 (the ^'-''polynomial" of the first two generators) makes JF to a reduced 
Grobner basis which is simultaneously a minimal Pommaret basis. 

Note that the termination of the involutive completion algorithm depends here 
on the precise form of the used term order If we have xy^e2 -< xy^ei for all 
A: G N, then the algorithm will not terminate, as in the kth iteration it will add 
the generator xy''e2. Otherwise it will treat at some stage the non-multiplicative 
product y ■ {xyei +62 ) and thus find the decisive generator ye2 ■ This is in particular 
the case for any degree compatible order < 

Fortunately, most coordinates are (5-regular for a given set T of polynomials. 
Choosing an arbitrary reference coordinate system, we may identify every system 
of coordinates with the regular matrix A G ij"X" defining the linear transforma- 
tion from our reference system to it. 

Proposition 2.8 The coordinate systems that are 5-singular for a given finite invo- 
lutively head autoreduced set T C V form a Zariski closed set in k"^". 

Proof We perform first a linear coordinate transformation with an undetermined 
matrix A, i. e. we treat its entries as parameters. This obviously leads to a (5-regular 
coordinate system, as each polynomial in will get its maximally possible class. 
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i5-singular coordinates are defined by the vanishing of certain (leading) coeffi- 
cients. These coefficients are polynomials in the entries of A. Thus the set of all 
(^-singular coordinate systems can be described as the zero set of an ideal. □ 

Thus the (5-singular coordinate systems form a variety of dimension less than 
in an n'^ -dimensional space and if we randomly choose a coordinate system, it 
is (5-regular with probability 1. Nevertheless, (5-singular coordinate systems exist 
for most sets T (exceptions are sets like !F — {x^ + y^} over k = IR where one 
easily shows that any coordinate system is (5-regular), and in applications such co- 
ordinates often show up. We will see below in the proof of Theorem 12 . 1 21 that it 
suffices for the construction of (5-regular coordinates to consider only transforma- 
tions X 1-^ ylx where the matrix A satisfies An — 1 and Aij — for j > i. 

Our goal is to develop a simple criterion that coordinates are 5-singular for a 
given set and a class respecting term order The basic idea is to compare the mul- 
tiplicative variables assigned by the Pommaret and the Janet division, respectively. 
The definitions of these two divisions are very different. Somewhat surprisingly, 
they yield very similar results, as shown by Gerdt and Blinkov ||29l Prop. 3.10]. 

Proposition 2.9 Let the finite set M C Ng be involutively autoreduced with re- 
spect to the Pommaret division. Then Np[v) C Nj,j^{v) for all v G M . 

For later use, we mention the following simple corollaries which further study 
the relationship between the Janet and the Pommaret division. Recall that any set 
M C Nq is involutively autoreduced with respect to the Janet division. We first 
note that by an involutive autoreduction of M with respect to the Pommaret divi- 
sion its Janet span can become only larger but not smaller. 

Corollary 2.10 Let M C Ng be an arbitrary finite set of multi indices and set 
Mp — M \ \v ^ M \ 3^1 € N : p.\pv^, i.e. we eliminate all multi indices 
possessing a Pommaret divisor in J\f. Then {M) j C {Afp)j. 

Proof If /i^^^ |p fi'-^^ and fi'-^'> \p then trivially /i^^^ |p v. Thus for each elimi- 
nated multi index v ^ JV \ Mp another multi index p e Mp exists with p\pv. 
Let els fi — k.'Qy the proposition above {1, . . . , A;} C Nj^j^p (/i). Assume that an 
index j > k exists with j G Nj^js/{v). By definition of the Pommaret division. 
Pi = Vi for all i > k. Thus p e {t^j+i, ■ ■ ■ , i^n) and j £ As by the 

second condition on an involutive division Nj,j^f{fi) C Nj,jsfp [ji) for all ^ £ Mp, 
we conclude that j G Nj,^p{ii) and Cj^j^f{v) C Cj,j\fp{ii). But this immediately 
implies {M)j C {Mp)j. □ 

This implies that any Pommaret basis is simultaneously a Janet basis (a sim- 
ilar result is contained in [28,, Thm. 17]). Thus if is a Pommaret basis, then 
Xp^^{h) — XjT-i^^lh) for all polynomials h £1-1. 

Corollary 2.11 Let the finite set Ti <ZV be involutive with respect to the Pommaret 
division (and some term order). Then Ti. is also involutive for the Janet division. 
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Proof By the proposition above, it is obvious that the set 7Y is at least weakly 
involutive with respect to the Janet division. For the Janet division any weakly 
involutive set is strongly involutive, if no two elements have the same leading 
terms. But as 7i is a Pommaret basis, this cannot happen. □ 

We show now that for (5-regular coordinate systems and a class respecting term 
order the inclusions in Proposition 12.91 must be equalities. In other words, if a 
variable exists which is multiplicative for an element of T with respect to the 
Janet division but non-multiplicative with respect to the Pommaret division, then 
the used coordinates are (5-singular Our proof is constructive in the sense that it 
shows us how to find coordinates leading to a larger involutive span. 

Theorem 2.12 Let the finite set J- <Z V be involutively head autoreduced for the 
Pommaret division and a class respecting term order ^. Furthermore assume that 
the field k contains more than \ J-'\ degJ-' elements. If \J-'\j^^ > \J-\p^^, then the 
coordinates x are 5-singular for T. 

Proof By the proposition above, we have Xp{f) C Xj^jr^f) for all f E 
Assume that for a polynomial h E T the strict inclusion Xp{h) C Xj^jr(h) 
holds. Thus at least one variable xi £ Xj^jr[h) with £ > k — c\sh exists. We 
perform the linear change of variables Xi — Xi for i ^ k and Xk — Xk + axi with 
a yet arbitrary parameter a e k \ {0}. This induces the following transformation 
of the terms € T: 

x'' =^ I ^.Ma^£^~^'=+^* . (3) 
j=o ^ ^ 

Let le^h = /i. Thus /i = [0, . . . ,0, fik, ■ ■ ■ , Mn] with /i^ > 0. Consider the multi 
index v = ji— {iik)k + (pk)i', obviously, els v > k. Applying our transformation 
to the polynomial h leads to a polynomial h containing the term x'^ . Note that v 
cannot be an element of \e^T. Indeed, if it was, it would be an element of the same 
set , . . . , as /Li. But this contradicts our assumption that I is multiplicative 
for the multi index /i with respect to the Janet division, as by construction vi > /i^. 

Transforming all polynomials f E T yields the set T on which we perform an 
involutive head autoreduction in order to obtain the set . Under our assumption 
on the size of the ground field k, we can choose the parameter a such that after 
the transformation each polynomial f E T has at least the same class as the cor- 
responding polynomial / e JF, as our term order respects classes. This is a simple 
consequence of (O: cancellations of terms may occur only, if the parameter a is a 
zero of some polynomial (possibly one for each member of with a degree not 
higher than deg J^. By the definition of the Pommaret division, if le^/2 \p le^/i, 
then els > els le^/i. Hence even after the involutive head autoreduction the 
involutive size of cannot be smaller than that of T . 

Consider again the polynomial h. The leading term of the transformed poly- 
nomial h must be greater than or equal to x^ . Thus its class is greater than k. This 
remains true even after an involutive head autoreduction with all those polynomi- 
als / S J-" that are of class greater than fc, as x^ ^ It^jF. Hence the only possibility 
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to obtain a leading term of class less than or equal to k consists of an involutive 
reduction with respect to a polynomial / G with els f < k. But this implies that 
els le^ / > fc. So we may conclude that after the transformation we have at least 
one polynomial more whose class is greater than k. So the coordinates x cannot 
be (5-regular □ 

Corollary 2.13 If the coordinates x are 5-regular for the Pommaret head autore- 
ducedsetT, then {J-)j,^ = {T) p^^ for any class respecting term order 

It is important to note that this corollary provides us only with a necessary but 
not with a sufficient criterion for (5-regularity. In other words, even if the Janet and 
the Pommaret size are equal for a given set T C V, this does not imply that the 
used coordinates are (5-regular. 

Example 2.14 Let T = { — — 2x^ , xz_ + xy, yz + y"^ + x'^Y The underlined 
terms are the leaders with respect to the degree reverse lexicographic order One 
easily checks that the Janet and the Pommaret division yield the same multiplica- 
tive variables. If we perform the transformation x = z, y = y + z and z = x, 
then after an autoreduction we obtain the set JF^ jzf^ — xy, yz, y^}. Again 
the Janet and the Pommaret division yield the same multiplicative variables, but 
|JF^ > |jF|p^. Thus the coordinates {x, y, z) are not 5-regular for JF. 

The explanation of this phenomenon is very simple. Obviously our criterion 
depends only on the leading terms of the set JF. In other words, it analyses the 
monomial ideal (It^JF). Here (It^JF) = {xz,yz,z'^) and one easily verifies that 
the used generating set is already a Pommaret basis. However, for T = {T) the 
leading ideal is It^X — {x^,xz, yz, z"^) (one obtains a Janet basis for X by adding 
the polynomial x^ to T) and obviously it does not possess a finite Pommaret ba- 
sis, as such a basis would have to contain all monomials x^y^ with fc € N (or we 
exploit our criterion noting that y is a Janet but not a Pommaret multiplicative vari- 
able for x^). Thus we have the opposite situation compared to Example l2.7l there 
It^X had a finite Pommaret basis but (It^jF) not; here it is the other way round. 
We will show later in Proposition 14.71 that whenever (It^JF) does not possess a 
finite Pommaret basis, then I > |J^|p.^. < 

While we have defined (5-regularity as a problem of the Pommaret division, this 
example shows that the Janet division "feels" it, too. Usually it yields in (5-singular 
coordinates a lower number of multiplicative variables and thus larger involutive 
bases. (5-regularity is a typical phenomenon in commutative algebra: many results 
hold only in "generic" coordinates, i. e. from a Zariski open set. 

Now we are finally in the position to prove that in suitably chosen coordinates 
every ideal possesses a finite Pommaret basis for any term order. The proof exploits 
again the close relationship of the Janet and the Pommaret division and a little trick 
due to Gerdt i28ll . 

Theorem 2.15 Let -< be an arbitrary term order and the field k sufficiently large. 
Then every ideal X CV possesses a finite Pommaret basis for -< in suitably chosen 
variables x. 
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Proof As a first step we show that every ideal has a Pommaret head autoreduced 
Janet basis. Indeed, let us apply our polynomial completion algorithm (Algo- 
rithm 3 of Part I) for the Janet division with one slight modification: in the Lines /I/ 
and /9/ we perform the involutive head autoreductions with respect to the Pom- 
maret division. It is obvious that if the algorithm terminates, the result is a basis 
with the wanted properties. 

The Janet division is Noetherian (Lemma 2.14 of Part I). Thus without our 
modification the termination is obvious. With respect to the Janet division every 
set of multi indices is involutively autoreduced. Hence a Janet head autoreduction 
only takes care that no two elements of a set have the same leading exponents. 
But in Line /9/ we add a polynomial that is in involutive normal form so that no 
involutive head reductions are possible. As the Pommaret head autoreduction may 
only lead to a larger monoid ideal le^Hi, the Noetherian argument in the proof of 
the termination of the algorithm remains valid after our modification. 

Once the ascending ideal chain (le^Tii) C (le^7Y2) ^ • • • has become sta- 
tionary, the polynomial completion algorithm essentially reduces to the "mono- 
mial" one (Algorithm 2 of Part I). According to Corollary 12.101 the Pommaret 
head autoreductions may only increase the Janet spans {Ic^Hi},;. Thus the ter- 
mination of the monomial completion is not affected by our modification and the 
algorithm terminates for arbitrary input. 

By Proposition l2.8l the coordinate systems that are (5-singular for a given finite 
set J- C V form a Zariski closed set. As our modified algorithm terminates, it 
treats only a finite number of sets TCi and the coordinate systems that are 5-singular 
for at least one monomial set It^Hi still form a Zariski closed set. Thus generic 
coordinates are (5-regular for all sets It^Hi and by Corollarv l2.1 j? their Janet and 



their Pommaret spans coincide. But this implies that the result of the modified 
algorithm is not only a Janet but also a Pommaret basis. □ 

Remark 2.16 The assumption on the size of the field k is obviously trivially sat- 
isfied for a field of characteristic zero. In the case of a finite field, it may be nec- 
essary to enlarge k in order to guarantee the existence of a Pommaret basis. This 
is similar to the situation when one tries to put a zero-dimensional ideal in normal 
a:„ -position B31 . O 

Remark 2. 17 In Part I we discussed the extension of the Mora normal form to 
involutive basis computation. Obviously, the above result remains valid, if we sub- 
stitute the ordinary normal form by Mora's version and hence we may also apply 
it to Pommaret bases with respect to semigroup orders. <\ 

Theorem 12. 1 21 provides us with an effective mean to detect that the comple- 
tion to a Pommaret basis does not terminate. We follow the polynomial comple- 
tion algorithm with the Pommaret division but check after each iteration whether 
\'^i\j.-< = \'^i\p,-<- If no finite Pommaret basis exists in the given coordinates, 
sooner or later the Janet size is greater than the Pommaret size. Indeed, by the 



' Note that it is not relevant here that the corollary assumes the use of a class respecting 
term order, since we are arguing only with monomial sets. 
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considerations above the completion with respect to the Janet division terminates. 
Thus either the result is simultaneously a Pommaret basis or in some iteration our 
criterion must detect a variable which is multiplicative only for the Janet but not for 
the Pommaret division. Alternatively, we compute a Pommaret head autoreduced 
Janet basis (which always exists by the considerations above) and check whether 
it is simultaneously a Pommaret basis. 

Example 2.18 Let us apply this approach to the Pommaret completion of the set 
T = {z^ — — '2x^, xz_ + xy, yz + + x'^^ (with respect to the degree reverse 
lexicographic order). We have seen in Example |2. 14| that the coordinates are not S- 
regular for T, although the Janet and the Pommaret span of T coincide. According 
to our algorithm we must first analyse the polynomial y{xz + xy). Its involutive 
normal form with respect to T is — x^. If we determine the multiplicative variables 
for the enlarged set, they do not change for the old elements. For the new polyno- 
mial the Janet division yields {x, y}. But y is obviously not multiplicative for the 
Pommaret division. Thus our criterion tells us that the Pommaret completion will 
not terminate. Indeed it is easy to see that no matter how often we multiply the 
new polynomial by y, it will never become involutively head reducible and no 
finite Pommaret basis exists. 

In this example, the Janet completion (with or without Pommaret autoreduc- 
tions) ends with the addition of this single obstruction to involution and we obtain 
as Janet basis the set 

Tj = {z^ - 2/^ - 2x^, xz + xy, y£ + y'^ +x'^, x^} . (4) 

In Example 12. 141 we showed that the transformation x = z,y = y + z and z = x 
yields after an autoreduction the set JF^ = {z^ — xy, yz, } . One easily checks 
that it is a Pommaret and thus also a Janet basis. We see again that the Janet division 
also "feels" ^-singularity in the sense that in such coordinates it typically leads to 
larger bases of higher degree. -O 

Besides being necessary for the mere existence of a finite Pommaret basis, 
a second application of (5-regular coordinates is the construction of X-regular se- 
quences for a homogeneous ideal T C V. Recall that for any T'-module A4 a se- 
quence (/i , . . . , fr) of polynomials E V is called -regular, if the polynomials 
generate a proper ideal, /i is a non zero divisor for A4 and each /, is a non zero 
divisor for A4/ {fi, . . . , fi^i)Ai. The maximal length of an Al-regular sequence 
is the depth of the module. While the definition allows for arbitrary polynomials in 
such sequences, it suffices for computing the depth to consider only linear forms 
fi G Vi- This follows, for example, from |23, Cor. 17.7] or ^ET, Lemma 4.1]. For 
this reason, the following proof treats only this case. 

Proposition 2.19 Let X QV be a homogeneous ideal and Ti. a homogeneous Pom- 
maret basis of it for a class respecting term order. Let d — minfieH els h. Then the 
variables (xi, . . . , x^) form a maximal T-regular sequence and thus depthX — d. 

Proof A Pommaret basis H induces a decomposition of T of the form 

I = ^tlxi, . . . ,Xcish] ■ h . (5) 
hen 
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If (i = miufien els h denotes the minimal class of a generator in H, then (|5]i triv- 
ially implies that the sequence {xi , . . . ,Xd) is X-regular 

Let us try to extend this sequence by a variable Xk with k > d. We introduce 
Ti-d — {h G H \ c\s h — d} and choose an element h e Hd of maximal degree. 
As we use a class respecting order, h E {xi, . . . , Xd) by Lemma A.l of Part L 
By construction, Xk is non-multiplicative for h and for each h E H a polynomial 
Ph G k[a;i, . . . , Xcish] exists such that Xkh — J^hen ^hh. No polynomial h with 
els ft. > d lies in (xi, . . . , Xd) (obviously M^h ^ (xi, . . . , Xd))- As the leading 
terms cannot cancel in the sum, Ph E {xi , ■ ■ ■ , Xd) for all h E TiXHd- Thus Xkh = 
J^heHd ^hh + g with Ch E k and g E {xi , ■ ■ ■ , Xd)T- As X is a homogeneous ideal 
and as the degree of h is maximal in Hd, all constants Ch must vanish. 

It is not possible that h E {xi, . . . ,Xd)T, as otherwise h would be involu- 
tively head reducible by some other element of H. Hence we have shown that any 
variable x/. with k > d is a zero divisor in T/{xi, . . . , Xd)I and the X-regular 
sequence {xi, . . . , Xd) cannot be extended by any Xk with k > d. Obviously, the 
same argument applies to any linear combination of such variables Xk- 

Finally, assume that yi, . . . , yd+i G Vi form an X-regular sequence of length 
We extend them to abasis {2/1, . . . j^njofT'i and perform a coordinate trans- 
formation X 1-^ y. Our basis H transforms into the set Hy and after an involutive 
head autoreduction we obtain the set Hy. In general, the coordinates y are not S- 

regular for Hy. But there exist coordinates y of the form yt = Vk + akiVi 
with Ofci E k such that if we transform H to them and perform afterwards an 
involutive head autoreduction, they are ^-regular for the obtained set Hy- 

This implies that Ti.^ is a Pommaret basis of the ideal it generates^ Thus 
min^g.j^A els ft — d and by the same argument as above yd+i is a zero divi- 
sor in . . . , jjd)!- Because of the special form of the transformation from 
y i-^ y, we have {yi,...,yd) = (2/1, ■ • ■ , yd) and yd+i must be a zero divisor 
in T/{yi, . . . , yd)1- But this contradicts the assumption that (j/i, . . . , yd+i) is an 
X-regular sequence and depth T = d. □ 

Remark 2.20 One may wonder to what extent this result really requires the Pom- 
maret division. Given an arbitrary involutive basis H of T, we may introduce the 
set Xj = ClfiGH ^L,H,<{h); obviously, for a Pommaret basis Xi = {xi, . . . ,Xd} 
with d ~ miufieH els ft. Again it is trivial to conclude from the induced combi- 
natorial decomposition that any sequence formed by elements of Xj is X-regular. 
But in general we cannot claim that these are maximal I-regular sequences and 
there does not seem to exist an obvious method to extend them. Thus only a lower 
bound for the depth is obtained this way. 

As a simple example we consider the ideal T generated by fi = — xy, 
f2 ~ yz ~ wx and — y^ ~ wz. If we set xi — w, X2 — x, X3 = y and X4 — z, 
then it is straightforward to check that the set = {fi, /2, /a} is a Pommaret basis 

The involutive sizes of Ti. and are equal. Thus local involution of Ti implies local 
involution of Hy and for the Pommaret division as a continuous division local involution 
is equivalent to involution by Corollary 7.3 of Part I. 
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of X with respect to the degree reverse lexicographic order By Proposition 12.191 
(w, y) is a maximal I-regular sequence and depthi = 3. 

If we set x\ = w, X2 — z, X3 — y and X4 = x, then no finite Pommaret basis 
exists; these coordinates are not (5-regular In order to obtain a Janet basis Tj of T 
(for the degree reverse lexicographic order with respect to the new ordering of the 
variables), we must enlarge T hy = — wx^ and /s = xz^ — wx^ . We find 
now Xx = {w, z}, as 



-^J,.^,7,^degrevlex = « = 2, 4, 5 , 



One easily verifies that both x and y are not zero divisors in T/{w, z)T, so that Xj 
can be extended to a maximal X-regular sequence. However, the Janet basis gives 
no indications, how this could be done. One could also conjecture that the minimal 
number of multiplicative variables for a generator gives the depth. But clearly this 
is also not true for the above Janet basis. Thus no obvious way seems to exist to 
deduce depth X from it. < 

3 Combinatorial Decompositions 

In the proof of Proposition 12 . 1 91 we could aheady see the power of the direct sum 
decompositions induced by (strong) involutive bases. In this section we want to 
study this aspect in more details. All results apply to arbitrary finitely generated 
polynomial modules. But for notational simplicity, we restrict to graded k-algebras 
A = V/T with a homogeneous ideal X C T'. If we speak of a basis of the ideal T, 
we always assume that it is homogeneous, too. 

The main motivation of Buchberger for the introduction of Grobner bases was 
to be able to compute effectively in such factor spaces. Indeed given a Grobner 
basis Q of the ideal T, the normal form with respect to Q distinguishes a unique 
representative in each equivalence class. Our goal in this section is to show that 
Pommaret bases contain in addition much structural information about the alge- 
bra A. More precisely, we want to compute fundamental invariants like the Hilbert 
polynomial (which immediately yields the ICrull dimension and the multiplicity), 
the depth or the Castelnuovo-Mumford regularity (see Section|9]l. Our basic tools 
are combinatorial decompositions of the algebra A into direct sums of polynomial 
rings with a restricted number of variables. 

Definition 3.1 A Stanley decomposition of the graded h-algebra A ^ V /T is an 
isomorphism of graded h-linear spaces 



with a finite setTdT and sets Xt C {a;i, . . . , Xn}. 

The elements of the set Xt are again called the multiplicative variables of the 
generator t. As a first, trivial application of such decompositions we determine the 
Hilbert series and the (Krull) dimension. 




(7) 
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Proposition 3.2 ( II61I ) Let the graded algebra A possess the Stanley decomposi- 
tion (0. Then its Hilbert series is 

where qt — degt and kt — \Xt\. Thus the (Krull) dimension of A is given by 
D — maxtgT- kt and the multiplicity (or degree) by the number of terms t € T 
with kt = D. 

Vasconcelos fTT, p. 23] calls Stanley decompositions "an approach that is not 
greatly useful computationally but it is often nice theoretically" . One reason for 
this assessment is surely that the classical algorithm for their construction works 
only for monomial ideals and uses a recursion over the variables xi , . . . , x„. Thus 
for larger n it becomes quite inefficient. For a general ideal I one must first com- 
pute a Grobner basis of I for some term order -< and then, exploiting the vector 
space isomorphism 7^/1 = P/lt_<I, one determines a Stanley decomposition. Its 
existence is guaranteed by the following result. 

Proposition 3.3 LetX C Nq be a monoid ideal and T — Nq \X its complementary 
set. There exists a finite set M dX and for each multi index u £ M a set of indices 
Q {Ij • ■ • J such tha^ 

X- y (i^ + N^J (9) 

and {v + N^J n (/^ + N^J = 0/or all fi,iy€jV. 

A proof of this proposition may be found in the textbook |21 , pp. 417^18] 
(there it is not shown that one can always construct a disjoint decomposition, but 
this extension is trivial). This proof is not completely constructive, as a certain 
degree qq is defined by a Noetherian argument. But it is not difficult to see that we 
may take qq ~ max^gjv' ^'n where JV is the minimal basis of the monoid ideal I. 
Now one can straightforwardly transform the proof into a recursive algorithm for 
the construction of Stanley decompositions. In fact, one obtains then the algorithm 
proposed by Sturmfels and White [67J. 

One must stress that the decomposition ^ is not unique and different decom- 
positions may use sets J\f of different sizes. Given an involutive basis of the monoid 
ideal T, it is trivial to determine a disjoint decomposition of T itself. However, 
there does not seem to exist an obvious way to obtain a complementary decompo- 
sition (|9]). The situation is different for Janet bases where already Janet §15] 
presented a solution of this problem. Again it is easy to see that it can straightfor- 
wardly be extended to an algorithm. We recall his proof in our notations, as we 
will need it later on. 

Proposition 3.4 Let J\fj be a Janet basis of the monoid ideal X C Nq. Then the 
set M C Ng in the decomposition ^ may be chosen such that for all v ^ M the 
equality = ^ j ,M Jy^{v}W) holds. 

^ Recall from Part I the notation N^r = {z^ G Nq | Vj ^ iV : i^j = O}. 
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f roof II We explicitly construct the set N. Let qn = max^g^^ /x„. Then we put 
into M all multi indices v = [0, . . . , 0, g] such that < q < g„ and such that Mj 
does not contain any multi index ^ with /i„ = q. We set N^, = {l,...,n — 1} 
which obviously is A^j.a/'ju{i^} {^) according to the definition of the Janet division. 

Let (dfe, ...,(/„) C A/j be one of the subsets considered in the assignment of 
the Janet multiplicative variables to the elements of Nj (see Example 2.2 in Part 1) 
and set qk-i ~ max^g(^j_ ^^-^ /ifc-i- We enlarge the set M by all those multi 
indices v — [0, . . . , 0, (7, dfc, . . . , dn] where < g < qu-i and where (d^, . . . , d„) 
does not contain any multi index /i with ^k-i — q- The corresponding sets N^, of 
multiplicative indices contain the indices 1, . . . , fc — 1 and all those indices greater 
than k that are multiplicative for the elements of {dk, . . . ,dn)- Again it is easy to 
verify that this entails N^, — Afj,AAju{i/}('^)- 

We claim that the thus constructed set M (together with the sets iV^) defines a 
disjoint decomposition Q of the complementary set T. We proceed by an induc- 
tion on n. The case n = 1 is trivial. Suppose that our assertion is true for n—1. Let 
p € Nq be an arbitrary multi index and letqi < q2 < ■ ■ ■ < q-r represent all values 
that occur for the entry in the multi indices /i e Afj. We distinguish three cases 
depending on p„: (i) p„ < q^ but p„ ^ {qi, qr-i}, (ii) Pn e {qi, qr-i}, 
and (iii) p„ > g-r. 

In the first case, the set J\f contains the multi index i/ = [0, . . . , 0, p„] and, as 
Ni, = {1, . . . , n — 1}, obviously p E v + IN^ . It is easy to see that p cannot be 
an element of T or of the cone D + of any other multi index D e J\f. 

In the second case, we "slice" the two sets Afj and M at degree p„. For this 
purpose we must introduce some notations. Primed letters always refer to multi 
indices j/' G INq^^; unprimed ones to multi indices v S Ng . For a given v g Nq, 
we define v' = [i/i, . . . , Vn-i] G Nq"^, i. e. we simply drop the last entry. Finally, 
we write [v' , q\ for the multi index [z^i, . . . , t'„_i, g] e Nq. If we are given some 
monoid ideal I C Nq, we define for every integer q E Nq the monoid ideal 

The "slicing" yields the two sets: Afj = {p,' € Nq"^ | p G A/]/, Pn = Pn} 
and A/"' = £ Nq~^ | ly E N , Vn — Pn}, respectively. If we compute the sets 
Nj.M'j (/^') of multiplicative indices for the elements p' E N'j, it is straightforward 
to verify that they are just Nj^j^f, (p), as pn is not maximal and p E {pn), if and 
only if p' E Afj. Furthermore, Afj is a Janet basis of the monoid ideal T'p^ . If we 
apply the procedure above to this ideal in Nq we obtain J^' as complementary 
basis and the sets of multiplicative variables remain unchanged. 

By our inductive hypothesis, Af' defines a disjoint decomposition of the sought 
form of the set I'p^ .If p E T, then p' E I'p^ and a multi index v' E Af' exists such 
that p' E i^' + N^"\ By construction, 1^ = [v' , pn] E Af and p E v + N^_^. If 
p E T, then p' E T'p^ , and it is not possible to find a multi index i'' E Af' such that 
p' Ely' + N^-^ Hence p i ly + N^_^ for any i^EAf. 

The third case is very similar to the second one. For the definition of Afj and 
Af' we consider only multi indices where the value of the last entry is qr. Note that 



* For an alternative proof see 1521 . 
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for all multi indices v ^ M that contribute to M' the index n is multiplicative. If 
p then p' € i'p^ and a multi index v' e TV"' exists such that p' G i^' + N^^^^ 
and we conclude as above that p G + for v = [i^', gr] G A/"- Again it is 
obvious that for a multi index p e X, it is not possible to find such a.v ^ J\f. □ 

We have formulated this proposition only for the case that AO is a Janet basis, 
but the proof yields an even stronger result. Let J\fj be an arbitrary subset of Ng 
and construct the corresponding set A/". Then we may substitute everywhere in the 
proof I by the involutive span {Afj)j and still obtain that any multi index p e Ng 
either lies in {Mj)j or in exactly one of the cones defined by J\f and the sets N^. 

Remark 3.5 Janet did not formulate his algorithm in this algebraic language. He 
considered the problem of determining a formally well-posed initial value problem 
for an overdetermined system of partial differential equations [58 |. Identifying 
this system with our ideal T, his problem is equivalent to computing a Stanley 
decomposition of V/T. An algorithmic approach to formally well-posed initial 
value problem was also presented by Reid 1541 • O 

According to Corollarv l2.11l we may apply the construction of Proposition l3.4l 
to Pommaret bases, too. But as the Pommaret division has such a simple global 
definition, it is almost trivial to provide an alternative decomposition depending 
only on the degree g of a Pommaret basis of the ideal T (we will see later in 
Sect. |9] that this degree is in fact an important invariant of T). In general, this 
decomposition is larger than the one obtained with the Janet approach but it has 
some advantages in theoretical apphcations. 

Proposition 3.6 The monoid ideal X C Nq has a Pommaret basis of degree q, if 
and only if the sets Mo = {i^ G I | |t^| < q} and Afi = {v ^ T \ \v\ = q\ yield 
the disjoint decomposition 

J = JVoU U CpH . (10) 
Proof The definition of the Pommaret division implies the identity 

\iy\=q 

from which one direction of the proposition follows trivially. Here (Ng )>g denotes 
the set of all multi indices of length greater than or equal to q. By the definition of 
an involutive division, the union on the right hand side is disjoint. 

For the converse, we claim that the set 7i = {/i € Xg} is a Pommaret basis of 
monoid ideal T>q; this immediately implies our assertion by Lemma |Z2l Assume 
that fi E H with els /i — k and let fc < j < n be a non-multiplicative index 
for it. We must show that /i + Ij £ (^)p- But this is trivial: we have /i + Ij G 
Cp(/i— Ife + lj) and/i— Ifc + lj e Xq, as otherwise we encounter the contradiction 
/i + lj ^Xbydinil. □ 
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Example 3. 7 The decomposition (fTOl i is usually redundant. Considering for A/i 
only multi indices of length q makes the formulation much easier but it is not 
optimal. Consider the trivial example A/p = {[0,1]}. According to Proposition l3.6l 
we should set A/'o = { [0, 0]} and A/"! = {[1, 0]}. But obviously X = [0,0]+N^ij. 
Applying the construction used in the proof of Proposition [3]4] yields directly this 
more compact form. < 

If C P is a polynomial ideal possessing a Pommaret basis for some term 
order ^, then applying Proposition [32] to T — le^J' yields a Stanley decomposi- 
tion of a special type: all sets Xt are of the form Xt — {xi,X2, . . . , Xcist} where 
the number els t is called the ctosj^l of the generator t. One speaks then of a Rees 
decompositions of A = V / J 1531 . It is no coincidence that we use here the same 
terminology as in the definition of the Pommaret division: if < = a;^ with /i G Mi, 
then indeed its class is els /j,. Reducing in a straightforward manner the redundancy 
in the decomposition (flOl) leads to the following result. 

Corollary 3.8 Let X QV be a polynomial ideal which has for some term order -< 
a Pommaret basis TL such that min/ig-^ clsle^ft- — d. Then V /T possesses a Rees 
decomposition where the minimal class of a generator is d — 1. 

Proof Obviously, it suffices to consider the monomial case and formulate the proof 
therefore in the multi index language of Proposition 13.61 Furthermore, for d = 1 
there is nothing to be shown so that we assume from now on d > 1. Our starting 
point is the decomposition dTol i. For each v e Ai with els = fc < d we introduce 
the multi index v = v — {vk)k, i-e. v arises from v by setting the fcth entry to 
zero. Obviously, the fc-dimensional cone 0^ — + N^j^ is still completely 
contained in the complement X and Cp{v) C C^. 

If we replace in ( fTOl ) for any such v the cone Cp{v) by G^, then we still have 
a decomposition of X, but no longer a disjoint one. We now show first that in the 
thus obtained decomposition all cones C with < dim C < d—1 can be dropped 
without loss. Indeed, for fc < d — 1 we consider the multi index ^ = v + {vk)k+i- 
Obviously, = g and els /i = fc + 1; hence under the made assumptions /i g A/i.. 
Furthermore, fi ~ fi — (/ife+i)fc+i is a divisor of i> (the two multi indices can 
differ at most in their (fc + l)st entries and flk+i = 0) and thus the inclusion 
acCp-A + N^i,...,fe+i}holds. 

The remaining cones with dimC > d — 1 are all disjoint. This is trivially 
true for all cones with dim C > d, as these have not been changed. For the other 
ones, we note that if /i and v are two multi indices with ch fi ~ cisv — d — 1 and 
I A* I = 1^1 = 9' then they must differ at some position £ with i > d. But this impUes 
that the cones and C^, are disjoint. 

Thus there only remains to study the zero-dimensional cones consisting of the 
multi indices e VVq- If we set ^ g — then ^ — + ii ^ Ni, since we 
assumed d > 1, and trivially ly £ C\ — {fi — (Aii)i) + ^^i}- '^^^ consider- 
ations above the cone and thus is contained in some {d ~ l)-dimensionaI 
cone. Therefore we may also drop all zero-dimensional cones and obtain a Rees 
decomposition where all cones are at least {d — l)-dimensional. □ 

Some authors prefer the term level. 
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Sturmfels et al. 16611 introduced the notion of standard pairs also leading to a 
kind of combinatorial decomposition, however not a disjoint one. They consider 
pairs {ly, N^) where v £ INq is a multi index and N^, C {1, . . . , n} a set of 
associated indices. Such a pair is called admissible, if supp n iV^ = 0, i. e. 
i^i — for all i £ Ny. On the set of admissible pairs one defines a partial order: 
{i', Ny) < (/i, N^), if and only if the restricted cone /i + is completely 
contained inv + . Obviously, this is equivalent to \ ii and any index i such 
that either fii > Vi or i G iV^ is contained in N^. 

Definition 3.9 Let X C Nq be an arbitrary monoid ideal. An admissible pair 
{v, Ny) is called standard for X, if i/ + n I = and (i/, N^) is minimal with 
respect to < among all admissible pairs with this property. 

Any monoid ideal X C Nq leads thus automatically to a uniquely determined 
set of standard pairs. These define both a decomposition of the complementary 
set X into cones (though these will overlap in general) and a decomposition of the 
ideal X itself as an intersection of irreducible monomial ideals. 

Proposition 3.10 ( ll66ll ) Let X C Ng be an arbitrary monoid ideal and denote the 
set of all associated standard pairs by Sj = {(i^, Ny) \ {v, Ny) standard forX}. 
Then the complementary set X of X can be written in the form 

X= y v + ^l,^ (12) 

and the ideal X itself can be decomposed as 

2"= n {{l^^ + l)^\iiNy) . (13) 
(i^,A'„)e5i 

According to Sturmfels et al. 1661 Lemma 3.3] the number of standard pairs of 
a monomial ideal X equals the arithmetic degree of X, a refinement of the classical 
concept of the degree of an ideal introduced by Bayer and Mumford [9 1 . We further 
note that the ideals on the right hand side of ( flJl l are trivially irreducible, so that 
([T3] | indeed represents an irreducible decomposition of X. 

In general, this decomposition is highly redundant. Let N <Z {1, . . . , 71} be an 
arbitrary subset and consider all standard pairs (y, Ny) with Ny = N . Obviously, 
among these only the ones with multi indices v which are maximal with respect to 
divisibility are relevant for the decomposition ( [T3l ) and in fact restricting to the cor- 
responding ideals yields the irredundant irreducible decomposition of X (which is 
unique according to |51 , Thm. 5.27]). Their intersection defines a possible choice 
for the primary component for the prime ideal p^r = {xi \ i ^ N) , so that we can 
also extract an irredundant primary decomposition from the standard pairs. As a 
trivial corollary to these considerations the standard pairs immediately yield the 
set Ass {V jX) of associated prime ideals, as it consists of all prime ideals p jv such 
that a standard pair (v, N) exists. 

Hogten and Smith 141] discuss two algorithms for the direct construction of the 
set Sx of all standard pairs given the minimal basis of X. Alternatively, Sx can eas- 
ily be extracted from any complementary decomposition, as we show now. Thus 
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once a Janet basis of X is known, we may use Janet's algorithm for the construction 
of a complementary decomposition and then obtain the standard pairs. 

Let the finite set Tx ^ {{i^, Ny) \ v ^ Wq , d {\, . . . ,n}] define a com- 
plementary decomposition of I. If the pair [v, N^) G Tj is not admissible, then 
we substitute it by the pair [v, N^) where Vi = for all i E Ni, and Vi = Vi else. 
Obviously, this operation produces an admissible pak and the thus obtained set Sx 
still defines a (generally no longer disjoint) decomposition of the complementary 
set I. Finally, we eliminate all pairs in Sx which are not minimal with respect to 
the partial order < and obtain a set Si. 

Proposition 3.11 Let Tj be a finite complementary decomposition of the monoid 
ideal X C Ng . The thus constructed set Sx consists of all standard pairs of T. 

Proof It is trivial to see that the set Sx contains only admissible pairs and that 
V + C X for any pair {v, N^) E Sx- Thus there only remains to show that all 
standard pairs are contained in Sx- 

Let (/i, iV^) be an admissible pair such that /i -^at — ^^^^^ ^he union of 
the cones ly + with {v, N^) E Sx still covers I, the finiteness of Sx implies 
the existence of a multi index JI E pi + INJ^ and a pair {ly, N^,) E Sx such that 
JI + C + N^^^ (obviously, it is not possible to cover fi + NJ^ ^ with a finite 
number of lower-dimensional cones). As both (/i, iV^) and (j/, N^) are admissible 
pairs, this entails that in fact {v, N^) < (/i, iV^). Hence either (/i, N^) E Sx or it 
is not a standard pair □ 

Remark 3.12 If we use the decomposition JTOl ) derived from a Pommaret basis of 
degree q, then the determination of the set Sx is completely trivial. For all pairs 
{ly, Ny) E Tx with \v\ < g we have — and hence they are trivially admissible. 
For all other pairs we find that supp;/ n N^, — {dsv}. Thus none of them is 
admissible, but they become admissible by simply setting the first non-vanishing 
entry of to zero. < 

Ejcampfe 5.75 Consider the ideal X = {z^ ^yz^ ~ xz^ ^y^ — xy) C k[a:;, y, z]. Both 
a Janet and Pommaret basis of I for the degree reverse lexicographic order is given 
by the set Ti = {z'^, yz"^ — xz'^, y'^z — xyz, y^ — xy}. Following the construction 
in the proof of Proposition 13.41 we obtain the set T = {1, z, yz, z^} and the 
complementary decomposition 

VIZ= \{x\ e \.{x\ ■ y ® \{x\ ■ z ® k[a;] • yz ® k[a;] • z^ . (14) 

The term z^ comes from the set (2) = { [0, 1, 2] }. The terms yz and z arise from 
(1) = { [0, 2, 1]} and, finally, 1 and y stem from (0) = { [0, 2, 0]}. The last non- 
vanishing set (3) ~ { [0, 0, 3]} does not contribute to the decomposition. 

It follows from (fl4b that a complementary decomposition of the corresponding 
monoid ideal le^X ([0, 0, 3], [0, 1, 2], [0, 2, 0]) is given by 

Sx = I ([0, 0, 0], {1}), ([0, 1, 0], {1}), ([0, 0, 1], {1}), 

^ , (15) 

([0,1,1],{1}),([0,0,2],{1})} 
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and one easily verifies that these are all standard pairs. 

The complementary decomposition constructed via Proposition 13.61 is much 
larger. Besides many multi indices without any multiplicative indices, we obtain 
the following six multi indices for which 1 is the sole multiplicative index: [3, 0, 0], 
[2, 1, 0], [2, 0, 1], [1, 1, 1], [1, 2, 0] and [1, 0, 2]. After setting the first enti-y to zero, 
we find precisely the multi indices appearing in ( fTSl l plus the multi index [0, 2, 0]. 
As ([0, 1, 0], {1}) < ([0, 2, 0], {1}), the latter pair is not minimal. The same holds 
for all pairs corresponding to the multi indices without multiplicative indices and 
hence we also arrive at (fTsl l. <1 

As an application of Rees decompositions, we show that given a Pommaret 
basis of the ideal I, we can easily read off the dimension and the depth of the 
algebra A = V jX. In principle, the determination of the dimension is of course 
already settled by Proposition 13.21 for arbitrary involutive bases. However, in the 
case of a Pommaret basis a further useful characterisation of dimyl exists. 

Proposition 3.14 Let Ti be a homogeneous Pommaret basis of the homogeneous 
ideal T C P with degTi — q for some term order -<. Then the dimension D of the 
algebra A = V jX is 

£) = minji I . . . ,a:i)g = P,} . (16) 

Proof The Hilbert polynomials of A and the truncation A>q coincide. Thus it 
suffice to consider the latter algebra. By Lemma |272l a Pommaret basis of I>g 
is given by the set H.^ determined in ([T]). If D is the smallest number such that 
(Tig, . . . ,xd) q = Vq, then all multi indices v with = g and c\sv > D lie 
in le^Hq but a multi index /i exists such that — q, cis ^ — D and /i ^ le^Hq. 
By Proposition (321 this observation entails that /i is a generator of class D of the 
complementary decomposition ( fTOl i and that the decomposition does not contain a 
generator of higher class. But this trivially implies that dim A = D. □ 

In a terminology apparently introduced by Grobner |32 Section 131], a subset 
C {xi , . . . , a;„} is called independent modulo X, if X n ]k;[Xi] — {0}. If even 
It^X n k[Xi] = {0} for some term order then one speaks of a strongly inde- 
pendent set for -<. One can show that the maximal size of either an independent 
or a strongly independent set coincides with dim A. This approach to determining 
the dimension of an ideal has been taken up again by Kredel and Weispfenning 
ll44l using Grobner bases (see also ITTl Sects 6.3 & 9.3]). 

Corollary 3.15 Under the assumptions of Proposition \3J4\ {xi, . . . ,xd} is the 
unique maximal strongly independent set modulo the ideal X. 

Proof As above, it suffices to consider the truncation I>g. Assume that a non-zero 
polynomial / e X>q exists with It^/ G k[a:;i, . . . , xd\- As Tiq is a Pommaret 
basis of the ideal X>q, it must contain a polynomial h such that le^/i |ple^/; 
this implies It^/i € k[xc;, . . . , xd\- Repeated applications of Lemma 12. 3 1 to \c^h 
with j = D yields that v = qo ^ le^Hq. Further applications of Lemma |23] 
to 1/ with k = D show that in fact any multi index of length q and class D is 
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contained in le^Tiq. But thus already {Ti, xi, . . . , XD-i)q = Vq in contradiction 
to the characterisation of D in Proposition l3.14l 

Hence {xi, . . . , x^)} is a strongly independent set. Any larger strongly inde- 
pendent set would have to contain at least one variable Xj with j > D. However, 
according to the proof of Proposition 13 . 1 41 anv multi index /i with els /i > D and 
thus in particular /i — jq lies in Ic^Hq. Therefore no strongly independent set may 
contain such a variable Xj . □ 

Applying standard arguments in homological algebra to the exact sequence 
Q^I^V^V/I^Q, one can easily show that depth {V /I) — depthX— 1. 
Hence Proposition 12.191 immediately implies the following result (one can also 
easily prove it directly along the lines of the proof of Proposition l2.19l ). 

Proposition 3.16 Let Ti. be a homogeneous Pommaret basis of the homogeneous 
ideal I <Z V for a class respecting term order and d = min/ig-^ els h. Then the 
depth of A^V/T is depth = d - I. 

Since {xi, . . . , Xd-i] is trivially a strongly independent set modulo X, we ob- 
viously find that always D > d—1. Thus as a trivial corollary to Propositions 13. 141 
and 13. 161 we find the well-known fact that for any graded algebra A — V /I the 
inequality depths < dim ^ holds. In the limit case depths = dim^, the alge- 
bra is by definition Cohen-Macaulay and we obtain the following characterisation 
of such algebras. 

Theorem 3.17 Let Ti. be a Pommaret basis of degree q of the homogeneous ideal 
2 C V for a class respecting term order -< and set d = min?ig-^ els h. The algebra 
A = V /T is Cohen-Macaulay, if and only if {Ti., xi, . . . , Xd-i)q = T'q- 

An alternative characterisation, which is more useful for computations, is based 
on the existence of a special kind of Rees decomposition; one sometimes speaks 
of a Hironaka decomposition, a terminology introduced in |65, Sect. 2.3]. 

Corollary 3.18 A — V jX is a Cohen-Macaulay algebra, if and only if a Rees 
decomposition of A exists where all generators have the same class. 

Proof One direction is trivial. If such a special decomposition exists with d the 
common class of all generators, then obviously both the dimension and the depth 
of ^ is d and thus A is Cohen-Macaulay. 

For the converse, let us assume that ^ is a Cohen-Macaulay algebra and that 
dim^ ~ depths = d. Let 7Y be a Pommaret basis of I with respect to the 
degree reverse lexicographic order. By Theorem l2.151 such a basis always exists 
in (S-regular variables x. Proposition l3.16l implies that xmnhen els /i = d + 1. We 
introduce the set A/" — {v € Nq \ {le^Ti) \ chiy > d} (recall that by convention 
we defined els [0, . . . , 0] — nso that [0, . . . , 0] E J\f wheneverX ^ T'). M is finite, 
as all its elements satisfy \ v\ < dcgTi by Theorem l3.17l and we claim that 



A = ^ ]k;[a;i, .. .,Xd]- x' 



(17) 
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In fact, this is precisely the decomposition obtained by applying the algorithm 
implicitly contained in the proof of Proposition 13.41 Consider any multi index 
V E J\f; obviously, it is of the form ly ^ [0, . . . , 0, i^d+i, ■ ■ ■ ,i^n] with J27=d+i ^ 
q — degH. If we set q' = q — J27=d+2 ^^^^ Theorem l3.17l the multi index 
[0, . . . , 0, q\ Vd+2, ■ ■ ■ 1 Vn] lies in the monoid ideal (le^Ti). But this implies the 
existence of a multi index v' G le^H with ly' — [0, . . . , 0, i^d+2, ■ ■ ■ , i^n] 
with i^d+i < t^d+i < <?'• Hence the set {i'd+2, ■ ■ ■ , i^n) is considered in the assign- 
ment of multiplicative variables to the elements of H for the Janet division and it 
consists only of the multi index ly', as H is involutively head autoreduced (with 
respect to the Pommaret division). But this implies that our algorithm chooses v 
as an element of J\f and assigns to it the multiplicative variables xi , . . . , Xd- 

The algorithm cannot lead to a larger set J\f, as any further multi index would 
be of class less than or equal to d and thus be contained in h[xi, . . . , Xd] ■ 1. 
But we know that the sets are disjoint, so that this cannot happen and we get the 
decomposition (fTTI i. □ 

Ejcam/^Ze 5.79 Consider again the ideal X = {z^ ^yz^ — xz^ — xy) C ]k;[a::,?;,z] 
of Example 13.131 It follows from the Pommaret basis given there that both the 
depth and the dimension of /I is 1. Hence A = V /T is Cohen-Macaulay and 
indeed ( fT4l i is a Hironaka decomposition. < 



4 Noether Normalisation and Primary Decomposition 

One immediately sees that any strongly independent set is automatically also an 
independent set (the converse is generally not true). Hence Corollary [TTS] entails 
that X n ]k;[xi , . . . , xd] = {0} and now it is easy to show that a Pommaret basis of 
the ideal T defines a Noether normalisation fTP, Def. 3.4.2] of the algebra A (or 
that xi, . . . , Xd form a homogeneous system of parameters for it). 

Corollary 4.1 Under the assumptions of Proposition \3J4\ the restriction of the 
canonical projection n : V = k[a;i, . . . , Xn] A — V /I to k[a;i, . . . ,xd] is a 
Noether normalisation of A If Ti. is a Pommaret bases with respect to the ( degree) 
lexicographic order, then it is even a general Noether normalisation. 

Proof It follows immediately from Corollary 13. 151 that the restriction of the pro- 
jection TT to h[xi, . . . ,xd] is injective. Thus there only remains to show that A is 
finitely generated as a h[xi, . . . , x^J-module. Proposition 13.61 gives us the com- 
plementary decomposition ( fTOl i for le^T which is defined by a finite set Af C Nq . 
As for each generator in J\f the associated multiplicative indices form a subset of 
{1, . . . , D} and since the complement of It^I is a basis of A as k-linear space, 
the finite set {tt{x'^) \ v E Af} generates A as h[xi, . . . , a^uj-module. 

It follows from the considerations in the proof of Proposition l3.14l that for each 
D < k < n the basis Hq contains a generator hk with leading term x^. If H is a 
Pommaret basis with respect to the (degree) lexicographic order, then hk must be 
of the form hk — xf. + J^'jZo Pkjx^ with polynomials Pkj E k[xi, . . . , Xk-i]- 
Thus we have a general Noether normalisation. □ 
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The existence of a Noether normalisation for every affine algebra A = V /I 
follows now immediately from Theorem 12.151 asserting the existence of a Pom- 
maret basis for I. Comparing with the existence proof of Noether normalisa- 
tions given in ||3T1 . we see that the search for J-regular coordinates corresponds 
to putting the ideal I into Noether position fTT, Def. 2.22]. 

The converse of Corollary 14.11 is generally not true: even if the variables are 
chosen such that ]k;[a;i, . . . ,xd\ defines a Noether normalisation of A, this is not 
sufficient for concluding that the ideal I possesses a Pommaret basis. As we will 
show now, the existence of a Pommaret basis is equivalent to a stronger prop- 
erty. Since under the assumptions of Proposition [334] k [a; i, . . . ,xd\ also defines 
a Noether normalisation of V /It^X, it suffices to consider monomial ideals. 

Definition 4.2 A monomial ideal X Q V is called quasi-stable, it possesses a 
finite Pommaret basis. 

The reason for this terminology will become apparent in Section [S] when we 
consider stable ideals. We now give several equivalent algebraic characterisations 
of quasi-stable ideals which are independent of the theory of Pommaret bases. 
They will provide us with a further criterion for (5-regularity and also lead to a 
simple description of an irredundant primary decomposition of such ideals. 

Proposition 4.3 Let X Q V be a monomial ideal with dimV /X = D. Then the 
following six statements are equivalent. 

(i) X is quasi-stable. 

(ii) The variable xi is not a zero divisor fo^ V jX^^'^ and for all 1 < j < D the 
variable Xj^i is not a zero divisor for V / {X, xi, . . . , XjY^^^. 

(iii) We have X : x"^ C X : x"^ C • • • C X : x"^ and for all D < j < n an 

k ■ 

exponent kj > 1 exists such that Xj' G X. 

(iv) For all 1 < j < n the equality X : x°° = X : {xj , . . . , a;„) °° holds. 

(v) For every associated prime ideal p G Ass {V /X) an integer I < j < n exists 
such that p — {xj , . . . , a;„). 

(vi) If x'^ € X and fii > for some 1 < i < n, then for each < r < fii and 
i < j < n an integer s > exists such that x^^^^^^'^^ G X. 

Proof The equivalence of the statements (ii)-(v) was proven by Bermejo and 
Gimenez fl^, Prop. 3.2]; the equivalence of (iv) and (vi) was shown by Herzog 
et al. [i39i Prop. 2.2] (alternatively the equivalence of (i) and (vi) is an easy con- 
sequence of Lemma 12.31 1. Bermejo and Gimenez lfT2l called ideals satisfying any 
of these conditions monomial ideals of nested type; Herzog et al. |39] spoke of 
ideals ofBorel type (yet another terminology used by Caviglia and Sbarra 1, 17] is 
weakly stable idealsy^ Thus it suffices to show that these concepts coincide with 
quasi-stability by proving the equivalence of (i) and (iii). 

^ See Section[TO]for a more detailed discussion of the saturation X'^^'. 
' As usual, one must revert the ordering of the variables a;i, . . . , a::„ in order to recover 
the results of the given references. 
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Assume first that the ideal X is quasi-stable with Pommaret basis 7Y. The ex- 

k ■ 

istence of a term x^' el for all D < j < n follows then immediately from 
Proposition l3.14l Now consider a term G I : x"^' \ T for some 1 < fc < n. By 
definition of such a colon ideal, there exists an integer £ such that x^x^ £ T and 
hence a generator x'^ £ H such that x'^ \p xl.x^. If els v > k, then f would also 
be an involutive divisor of /i contradicting the assumption <^ T. Thus we find 
els < k and i/^ > iJ-k- 

Next we consider for arbitrary exponents to > the non-multiplicative prod- 
ucts x'^^^j^x'^ € X. For each m a generator a;''' ' G 7i exists which involutively 

divides x^j^^x^ . By the same reasoning as above, els a;'''"' > A: + 1 is not possible, 
as the Pommaret basis H is by definition involutively autoreduced. This yields the 
estimate els v < els cc''' ' < fc + 1. 

We claim now that there exists an integer toq such that p'™^ = for all 

TO > mq and clsx'' ° = k + 1. Indeed, if els a;''' < fc + 1, then we must 
have = Vk+i + to, since Xk+i is not multiplicative for x''*"'. Hence a;'''"' 
cannot be an involutive divisor of x^'^^^x" and ^ {p^'^K • ■ ■ , p*-™-*}- As 

the Pommaret basis 7i is a finite set, clsx''* = fc + 1 for some value toq > 0. 
But then Xk+i is multiplicative for x'^ and thus x'^ is trivially an involutive 
divisor of x^'Y^a;'^ for all values m > mo. 

Note that, by construction, the generator x''* is also an involutive divisor of 
a^fc+i^;^, as Xfc is multiplicative for it. Hence this term must lie in T and conse- 
quently x^ E T : x^^i- Thus we may conclude thatX : x^ C T : x^^^ for all 
1 < k < n. This proves (iii). 

For the converse assume that (iii) holds and let B be the minimal basis of the 
ideal I. Let x^ e S be an arbitrary term of class fc. Then x^/xfe G T : x^. 
By assumption, this means that also x^ /xt S X : x^ for any non-multiplicative 
index Hence for each term x'^ E B and for each value els (x'') < £ < n there 
exists an integer q^j such that x^^'*x^/xfc ^ X but x^''"*^ x^/xfe G X. For the 
values 1 < f < els x'' we set q^j^^g = 0. Observe that if x"^ G i3 is a minimal 
generator dividing x^^ *^^x''/xfc, then we find for the inverse lexicographic order 
that x"^ ^invicx xf^, since els (x'^) > els (x^) and i^k < Mfc- 

Consider now the set 

n = {x^'+P \ x^" e B Ayi < £ < n : < pe < q^.^} . (18) 

We claim that 7Y is a weak involutive completion of B and thus a weak Pommaret 
basis of T. In order to prove this assertion, we must show that each term x^ G T 
lies in the involutive cone of a member of Ti. 

As x"^ is assumed to be an element of X, we can factor it as x'^ — x" x^ x'^ 
where x** G S is a minimal generator, x" contains only multiplicative vari- 
ables for x^* ' and x''* ' only non-multiplicative ones. If x^* ' G TL, then 
we are done, as obviously els (x^ ^ ^ ) = els (x** ^ ) and hence all variables 
contained in x*^' ' are multiplicative for x'^* too. 

Otherwise there exists at least one non-multiplicative variables xi such that 

p^P > Any minimal generator x^*^' G S dividing x'^*^' '^ x'^'^'/^fc 
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also a divisor of and we find a second factorisation = x"' x^ x^ where 

(2) (2) 

again x'^ consists only of multiplicative and x^ only of non-multiplicative 

(2) (2) I (2) 

variables for x'^ . If x'^ e 7Y, then we are done by the same argument as 

above; otherwise we iterate. 

According to the observation made above, the sequence (a;^*^' , a;'''^* , . . . ) of 
minimal generators constructed this way is strictly descending with respect to the 
inverse lexicographic order. However, the minimal basis S is a finite set and thus 
the iteration cannot go on infinitely. As the iteration only stops, if there exists an 
involutive cone containing x^, the involutive span of H. is indeed I and thus the 
ideal X quasi-stable. □ 

Remark 4.4 Note that our considerations about standard pairs and the induced pri- 
mary decomposition in the last section imply a simple direct proof of the implica- 
tion "(i) (v)" in Proposition |43] If the ideal I is quasi-stable, then I admits a 
complementary Rees decomposition according to Proposition 13.61 Together with 
Propositions ^. 10113.1 H and Remark l3.12l this observation trivially impUes that all 
associated prime ideals are of the form p — {xj, . . . , Xn). <\ 

Lemma 4.5 Let Xi,X2 Q 'P be two quasi-stable ideals. Then the sum X\ + T2, the 
product X\ ■ Xi and the intersection X\ H Xi are quasi-stable, too. If X V is 
a quasi-stable ideal, then the quotient X : J is again quasi-stable for arbitrary 
monomial ideals J <Z'P. 

Proof For the sum X\ + X2 the claim follows immediately from Remark 2.9 of 
Part I which states that the union TYi U 7^2 of (weak) Pommaret bases 7^^ of is 
a weak Pommaret basis of the sumXi +I2- Similarly, the case of both the product 
X\ ■ X2 and the intersection Xi n X2 was settled in Remark 6.5 of Part I where for 
both ideals weak Pommaret bases were constructed. 

For the last assertion we use Part (vi) of Proposition 14.31 If J is minimally 
generated by the monomials mi, . . . , m^, then X : J ^ Plfc^i ^ • "^fc ™d '^hus it 
suffice to consider the case that J' is a principal ideal with generator x". Assume 
that x^ £ X : x^ and that /i^ > 0. Since x''^'^ lies in the quasi-stable ideal X, 
we find for each < r < /i^ and i < j < n and integer s > exists such that 
^fj.+i^-ri+s, £ X, As r < ^i, this trivially implies that eX : x". □ 

Remark 4.6 Alternative proofs for Lemma l43] were given by Cimpoea§ |fT9l . There 
it was also noted that its final statement trivially implies Part (v) of Proposition l4.3l 
as any associated prime ideal p of a quasi-stable ideal X is of the form p — X : x"^ 
for some monomial x'^ and thus is also quasi-stable. But the only quasi-stable 
prime ideals are obviously the ideals {xj, . . . ,Xn). 

Above we actually proved that Part (iii) of Proposition 14.31 may be replaced 
by the equivalent statement X : xf^ C X : xf C • • • C X : x^ which does 
not require a priori knowledge of D (the dimension D arises then trivially as the 
smallest value k such that X : x^ = V, i.,e, for which X contains a minimal 
generator x^. for some exponent £ > 0). In this formulation it is straightforward 
to verify (iii) effectively: bases of the colon ideals X : x"^ are easily obtained by 
setting Xfc = 1 in any basis of X and for monomial ideals it is trivial to check 
inclusion, as one must only compare their minimal bases. 
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We furthermore note that if we have for some value 1 < fc < n an ascending 
chain X : xf^ C T : x"^ C • • • C X : x"^, then for each 1 < j < k the minimal 
basis Bj of X : x°° lies in ]k;[a;j+i, . . . , Xn] - Indeed, no element of Bj can depend 
on Xj. Now assume that x'^ E Bj satisfies els = ^ < j. Then x™x'^ is a minimal 
generator of X for some suitable exponent m G Nq. This in turn implies that 
x™x'^ /xg'^ € X : xf C X : x^ and hence x^ jx^ € X : x°° which contradicts 
our assumption that x" was a minimal generator. < 

Proposition 14. 31 provides us with a simple criterion for (5-regularity. Actually, 
this new criterion is closely related to our previous one based on a comparison 
of the Janet and Pommaret multiplicative variables, as the proof of the following 
converse to Theorem |2. 121 demonstrates. 

Proposition 4.7 Let X Q V be a monomial ideal and B a finite, Pommaret autore- 
duced monomial basis of it. If the ideal X is not quasi-stable, then \B\j > \B\p, 
i. e. for at least one generator in the basis B a variable exists which is Janet but 
not Pommaret multiplicative. 

Proof By Proposition 12 . 91 we have \B\j > \B\p. As X is not quasi-stable, there 
exists a minimal value k such that X : x'^ ^ X : x^j^. Let x^ be a minimal 
generator of X : x^ which is not contained in X : x^j^. Then for a suitable 
exponent m e No the term x'^ ~ x^x^ is a minimal generator of X and hence 
contained in B. 

We claim now that B contains a generator for which Xk+i is Janet but not 
Pommaret multiplicative. If Xk+i E Xj^s{x^), then we are done, as according to 
Remark l431 cls p. — k and hence Xk+i ^ Xp (x^). Otherwise B contains a term x'^ 
such that lyg = /i^ for k + 1 < £ < n and I'k+i > Mfc+i- If several generators with 
this property exist in B, we choose one for which i/k+i takes a maximal value so 
that we have Xfe+i E Xj ^ (a;'') by definition of the Janet division. If els < k + 1, 
we are again done, as then Xk+i ^ Xp{x'^). Now assume that els = A: + 1 and 
consider the term x^ = x'^ / x'^''^-^ . Obviously, x^ E X : contradicting our 

assumption x^ ^ X : since x'' | x^. Hence this case cannot arise. □ 

Proposition [43] (v) furthermore allows us to formulate for monomial ideals a 
converse to Corollarv l4.1l It is equivalent to [[12, Prop. 3.6] and shows that a Pom- 
maret basis of a monomial ideal X induces simultaneous Noether normalisations 
of all primary components of the ideal. 

Corollary 4.8 Let X E_ V be a monomial ideal with dim V /X ~ D. Further- 
more, letX ^ qi n • • • n q,- be an irredundant monomial primary decomposition 
with Dj = dimV /c{j for I < j < r. The ideal X is quasi-stable, if and only if 
ii[xi, . . . , xd] defines a Noether normalisation of V /X and W^xi , . . . , xp). ] one of 
V/c\j for each primary component qj. 

Proof By assumption, each q^ is a monomial primary ideal. This implies that 
h[xi, . . . ,xd-] defines a Noether normalisation of V/qj, if and only if the as- 
sociated prime ideal is ^/qj = {xpj+i, ■ ■ ■ , Xn) ■ Now the assertion follows imme- 
diately from Proposition l4.3l (v). □ 
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We may also exploit Proposition 14.31 for actually deriving an irredundant pri- 
mary decomposition X — qi n • • • n qt with monomial ideals q^ for an arbitrary 
quasi-stable ideal Bermejo and Gimenez IJ2i Rem. 3.3] noted that their proof 
of the implication "(v) (iv)" in Proposition 14 . 3 1 has some simple consequences 
for the primary ideals q^. Let again D = dimP/X. Then p — {xd+i, ■ ■ ■ ,Xn) 
is the unique minimal prime ideal associated to T and the corresponding unique 
primary component is given by T : xf^ (if D = 0, then obviously T is already a 
primary ideal). More generally, we find for any 1 < k < D that 

I:xT^ n 1^ (19) 

where pj — is the corresponding associated prime ideal. Based on these ob- 
servations, an irredundant primary decomposition can be constructed by working 
backwards through the sequence T CT : x^ C T : x^ ^ • • • ^ I : x^. 

Let d ~ depth P/X, i. e. d + 1 is the minimal class of a generator in the 
Pommaret basis of I according to Proposition 13 . 1 6^1 For 1 < fc < £> we set 
Sfc = min{s \ X : x^. ^ X : a;^^^}, i- £■ s^. is the highest x^-degree of a minimal 
generator of X. Then we introduce the ideals = X + {xl''^-^ , . . . , x^jf ) and 

q,^J,:x^^X:xT + (xl"^,' (20) 

It is easy to see that all the ideals J7fc are again quasi-stable provided the ideal X 
is quasi-stable (this follows immediately from Proposition |43] and the fact that in 
this case {X : x°°) : x°° = X : x°° for i < j). For notational simplicity we 
formally define X : x^ — X and qo = •Jo — ^ + {x^^ , ■ ■ ■ , a^^f )■ Since obviously 
dimV /J^k — k for < fc < £>, it follows from the considerations above that qfe 
is an {xk+i, . . . , a;„) -primary ideal. 

Proposition 4.9 Let X (- V be a quasi-stable ideal. Then X = HfeLd Ifc '■^ P'"'' 
mary decomposition. Eliminating all ideals q^ where X : x^ = X : x'^^^ makes it 
an irredundant decomposition. 

Proof We first show that the equality X : x'^ = H^Lfc 1^ holds or equivalently 
that X : x"^ = qk n {X : x^_^_^) for Q < k < n; for k ^ d this represents the first 
statement of the proposition, since obviously X : x"^ = ■ ■ ■ = X : x"^ — X. By 
definition of the value Sfc+i, we have that llJTI Lemma 3.3.6] 

X:xT^{X:xT + {x^^D) H {{X : x^) : x^+i) ■ (21) 



The following construction is joint work with M. Hausdorf and M. Sahbi and has al- 
ready appeared in 1 35 1. 

' Note that for determining the depth d in the case of a quasi-stable ideal, it is not neces- 
sary to compute the Pommaret basis: since multiplication with a non-multiplicative variable 
never decreases the class, d -I- 1 is also the minimal class of a minimal generator. 
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The second factor obviously equals X : x^j^. To the first one we apply the same 
construction and decompose 

^ ■ ^"k + (^^fc+i^ ) — 

= (I : + - 4+^2 )) n ((I : + (4+/)) ■■ (22) 

= (I : + Kr^4r2 )) n : ^r+2 + (4+"/)) • 
Continuing in this manner, we arrive at a decomposition 

= qfcn---n(I:a;r+i) (23) 

where the dots represent factors of the form X : + (x^^^^ , ■ ■ ■ , ^e"-! ) ^i*-^ 
£ > k + 2. Since we assume that T is quasi-stable, Z : x'^^i is contained in each 
of these factors and we may omit them which proves our claim. 

In the thus obtained primary decomposition of T the radicals of all appearing 
primary ideals are pairwise different. Furthermore, it is obvious that qfc is redun- 
dant whenever X : = T : x^^^. Thus there only remains to prove that all the 
other primary ideals are indeed necessary. Assume that I : C T : x'^^-^ 
(which is in particular the case for k < d). Then there exists a minimal generator 
a;'^ of X : x^j^ which is not contained in I : x^. Consider the monomial x^^^x^. 
It cannot lie in I : x^, as otherwise already x^ E T : x^, and thus it also cannot 
be contained in qfc (since we showed above that T : x^ = qfc n {I : 2:^1)). On 
the other hand we find that xl!'x^ E qe for all £ > k since then T : x^j^ C q^ and 
for all ^ < fc since then {x^!') C q^. Hence q^ is not redundant. □ 

According to Lemma [431 the quotient ideals T : x^ are again quasi-stable. It 
is straightforward to obtain Pommaret bases for them. We disjointly decompose the 
monomial Pommaret basis H = Hi U • • • U Tin where Hk contains all generators 
of class k. Furthermore, we write TiJ, for the set obtained by setting a;^ = 1 in 
each generator in Hk- 

Lemma 4.10 For any 1 < k < n the set H' — H'f. U lj"=fe+i '^t weak 
Pommaret basis of the colon ideal X : x'^. 

Proof We first show that H' is an involutive set. By definition of the Pommaret 
division, it is obvious that the subset lj"=fc+i T^e is involutive. Thus there only 
remains to consider the non-multiplicative products of the members of H'f. . Take 
x^ G H'f. and let xi be a non-multiplicative variable for it. Obviously, there exists 
an TO > such that x^x^ E Hk and hence a generator E U"=fc such 
that xix]^x^ lies in the involutive cone Cp{x'^). Writing xix'^x^ = x'^^'^ , we 
distinguish two cases. If els v > k, then pk — m and we can divide by a;™ in 
order to obtain an involutive standard representation of xix^ with respect to H' . 
If els V — k, then the multi index p is of the form rk, i. e. only the fcth entry is 
different from zero, and we even find that xix^^ — x^ jx^. E H'f.. 

Thus there only remains to prove that Wis actually a generating set for X : x^ . 
For this we first note that the Pommaret basis of a quasi-stable ideal contains a 
generator of class fc only, if there is a minimal generator of class k, as applying 
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the monomial completion Algorithm 2 of Part I to the minimal basis adds only 
non-multiplicative multiples of the minimal generators (and these are trivially of 
the same class). By Remark l4!4l all minimal generators of X : have at least 
class fc + 1. Thus setting Xfc = 1 in any member of IJfci never produce 

a minimal generator of I : x"^ and thus H' is a weak involutive completion of 
the minimal basis of T : x"^. According to Proposition 2.8 of Part I, an involutive 
autoreduction yields a strong basis. □ 

The ideals {x'l!'^^ , ■ ■ ■ , x]^ ) are obviously irreducible and for k > d exactly 
of the form that they possess a Pommaret basis as discussed in Example 2.12 of 
Part I. There we also gave an explicit Pommaret basis for such an ideal. Since 
according to Remark 2.9 of Part I the union of two (weak) Pommaret bases of 
two monomial ideals Ti, I2 yields a weak Pommaret basis of Xi + T2, we obtain 
this way easily weak Pommaret bases for all primary ideals appearing in the 
irredundant decomposition of Proposition l4.9l 

Thus the crucial information for obtaining an irredundant primary decomposi- 
tion of a quasi-stable ideal T is where "jumps" are located, i. e. where T : x"^ C 
T : a;^i. Since these ideals are quasi-stable, the positions of the jumps are de- 
termined by their depths. A chain with all the jumps is obtained by the following 
simple recipe: setXp — ^ and define X^+i = : x'^ where dk — depth X^. This 
leads to the so-called sequential chain of X: 

Xo I C Xi C • • • C X, ^ 75; . (24) 

Remark 4.11 With the help of the sequential chain (|24] | one can also show straight- 
forwardly that any quasi-stable ideal is sequentially Cohen-Macaulay |f39l Cor 2.5] 
(recall that the algebra A ~ P/X is sequentially Cohen-Macaulay |63|, if a chain 
Xq = X C Xi C • • • C Xr = P exists such that all quotients Xfc+i/Xfc are Cohen- 
Macaulay and their dimensions are ascending: dim (Xfc/Xfe_i) < dim (X^+i/X^)). 

Indeed, consider the ideal Jk — Xk n k[a;rf^, . . . By Remark l4~6l the 
minimal generators of Jk are the same as the minimal ones of X^; furthermore, by 
Proposition I^Jl iv) J^'^^ = Jk : x^. Hence we find thatXfc+i = {Jk'^^)v and 

Tk+i/Ik = {Jk^'lJk)[xu ■ ■ -.Xd.-i] . (25) 

Since the factor ring j Jk is trivially finite (as a k-linear space), the quotient 
Ik+i/Ik is thus a [dk — 1) -dimensional Cohen-Macaulay module. <l 

5 Syzygies for Involutive Bases 

Grobner bases are a very useful tool in syzygy theory. A central result is Schreyer's 
Theorem ifTl lSTl that the standard representations of the S'-polynomials between the 
elements of a Grobner basis determine directly a Grobner basis of the first syzygy 
module with respect to an appropriately chosen term order Now we study the use 
of involutive bases in this context. 

In Part I we introduced involutive bases only for ideals, but the extension to 
submodules of free modules 7"" is trivial. We represent elements of as vectors 
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f = (/i, . . . , fm) with fa E v. The standard basis of 7"" consists of the unit 
vectors with — Sap and 1 < a < m; thus f = /lei + • • • + fmGm- Now a 
term t is a vector of the form t = tea for some a and with t e T a term in V. We 
denote the set of all terms by T™; it is a monoid module over T. 

Let H C V™ be a finite set, -< a term order on T™ and L an involutive division 
on Ng. We divide H into m disjoint sets TY^ = {h g | It^h te^, t e T}. 
This leads naturally to m sets Wa = G NJf | x'^Gq e \t-^Ha}- If h e TYq, 
we assign the multiplicative variables Xi ->^^(h) = jxj | i g iV^jv'c (l^^h)}. 
The involutive span {T-C)l.^ is defined by an obvious generalisation of the old 
definition in Part I. 

Let TC = {hi, . . . , hs} be an involutive basis of the submodule A4 C V™ . 
Take an arbitrary element Hq, e 7i and choose an arbitrary non-multiplicative 
variable Xk E XL,H,-<0^a) of it. By the results of Part I, we can determine for each 
generator h/s G H with an involutive normal form algorithm a unique polynomial 

pia,k) g ]k[Xi_7^,^(h;3)] such that Xkh.a = -Pg" '^^'^/?- To this relation 

corresponds the syzygy 

s 

Sa;k = XkBa - ^ Pj"'''^e^ G V . (26) 

We denote the set of all thus obtained syzygies by 

Hsyz = {Sa;k | 1 < < S; Xfc G XL,w,^(ha)} . (27) 

Lemma 5.1 Let Ti. be an involutive basis for the involutive division L and the term 
order -<. If S = X]^=i SfsB/j is an arbitrary syzygy in the module Syz(7i) with 
S(3 e li[XL.,HA'^p)]forall l<(3<s,thenS = 0. 

Proof By definition of a syzygy, J2p=i Sfshp = 0. As the involutive basis H is 
involutively head autoreduced, each element f e {H) possesses a unique invo- 
lutive normal form. In particular, this holds for G {H). Thus either S = or 

Sp ^ li[XL,H,'<O^0)] for at least one /?. □ 

A fundamental ingredient of Schreyer's Theorem is the term order on 
induced by an arbitrary finite set = {f i, . . . , fs} C V™ and an arbitrary term 
order -< on T™: given two terms s = se^ and t = te^, we set s t, if either 
It^(sf^) ^ It^(tf^) orlt^(sf<^) = \t^{tir) andr < a. 

Corollary 5.2 If H C V is an involutive basis, then the set Tisyz generates the 
syzygy module Syz(7i). 

Proof Let S = X]^=i Spep by an arbitrary non-vanishing syzygy in Syz(7i). By 
Lemma lSTTl at least one of the coefficients Sp must contain a term with a non- 
multiplicative variable Xj G Xl,h,^O^p)- Let cx^ep be the maximal such term 
with respect to the term order and j the maximal non-multiplicative index 
with fij > 0. Then we eliminate this term by computing S' = S — cx^^^^ If 
S' 7^ 0, we iterate. Since all new terms introduced by the subtraction are smaller 
than the eliminated term with respect to we must reach zero after a finite 
number of steps. Thus this computation leads to a representation of S as a linear 
combination of elements of Tisyz- □ 
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Let H — {hi, • • • , hs} be an involutive basis and thus a Grobner basis for 
the term order ^. Without loss of generality we may assume that 7i is a monic 
basis. Set = It^h^ and tap = lcm(tQ,t^). We have for every S'-polynomial 
a standard representation S^(ha, h^) — J2j=i fap-yi^-y where the polynomials 
/a/37 G 'P satisfy It^ (S^ (h^,, h^)) h It^if^p^h^) for 1 < 7 < s. Setting 
fa/3 = 1^7=1 faff-r^j, we introduce for a 7^ /3 the syzygy 

StQ/3 tafl « /-TON 

Q/3 — — — — — tap ■ (^o) 

ta tfj 

Schreyer's Theorem asserts that the set Tischrcycr = {Sap | 1 < a < /5 < s} 
of aU these syzygies is a Grobner basis of the first syzygy module Syz {H) for the 
induced term order ^-j-c. 

We denote by Sap ~ ^f^^a — 'ff^P the syzygy of the leading terms corre- 
sponding to Sap and if 5 C Tischicyci is a set of syzygies, S contains the corre- 
sponding syzygies of the leading terms. 

Lemma 5.3 Let S C Hschreyer be such that S generates Syz(lt^7i). Then S 
generates Syz(7i). Assume furthermore that the three pairwise distinct indices 
a, (3, 7 are such f/za0 Sap, S^-y, Sq^ G S and t^ \ tap- Then the smaller set 
S \ {Sap} Still generates Syz(7i). 

Proof It is a classical result in the theory of Grobner bases that S \ {Sap} still 
generates Syz(lt^7i). In fact, this is the basic property underlying Buchberger's 
second criterion for avoiding redundant 5'-polynomials. Thus it suffices to show 
the first assertion; the second one is a simple corollary. 

Let R = X]a=i ^a^a S Syz(7i) be an arbitrary syzygy of the full generators 
and set tR, = max^ |lt^(i?aha) | 1 < a < s}. Then 

R,= J2 It^iRaha) e Syz{lt^n) . (29) 
it^(i?.„h„)=t„ 

According to our assumption 5 is a generating set of Syz(lt^7i), so that we may 
write R = X^ses'^s^ ^'^^ some coefficients E V. Let us now consider the 
syzygy R' = R — J^ses (^s^- Obviously, t^i -< tR. By iteration we obtain thus 
in a finite number of steps a representation R = J2ses and thus S generates 
the module Syz □ 

As a consequence of this simple lemma, we can now show that each involutive 
basis yields immediately a Grobner basis of the first syzygy module. In fact, this 
basis is automatically computed during the determination of the involutive basis 
with the completion Algorithm 3 of Part I. This is completely analogously to the 
automatic determination of Wsciucycr with the Buchberger algorithm. 

Theorem 5.4 Let Ji be an involutive basis for the involutive division L and the 
term order Then the set Tisyz is a Grobner basis of the syzygy module Syz(7i) 
for the term order ^n- 

If a > /3, then we understand that S^^ £ <S etc. 
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Proof Without loss of generality, we may assume that 7Y is a monic basis, i. e. all 
leading coefficients are 1. Let Sa-k G ^Syz- As TC is an involutive basis, the unique 
polynomials p^"''^' in ( |26b satisfy lt_< (P^"''°-'h^) :< lt-j{xkh.a) and there exists 
only one index /? such that lt^(Pg"''^''h^) — \t^{xkh.a). It is easy to see that we 

have Sa;k = S„^. Thus "Hsyz ^ '^Schrcyor- 

Let Sa/3 G Hschicyor \ Hsyz be an arbitrary syzygy. We prove first that the set 
Hschroyer \ {Sa/s} Still generates Syz(7i). Any syzygy in TYschroycr has the form 
Sa/3 = x^ea — x'^ep + Rq/3. By construction, one of the monomials and 
must contain a non-multiplicative variable Xk for ha or h^, respectively. Without 
loss of generality, we assume that Xk G XL^-u.^iha) and > 0. This implies 
that Hsyz contains the syzygy 8^:^. As shown above, a unique index 7^/3 exists 
such that Sa-k — Sa-y- 

Let Saj = XkBa — x^Gry + R^.^. By construction, x^t^ — Xkt^ divides 
x^^ta = tap- Thus I tap and by Lemma |53] the set T^schrcyer \ {Sa/?} stiU 
generates Syz(7i). If we try to iterate this argument, we encounter the following 
problem. In order to be able to eliminate Sap we need both Sa-y and Sp^ in the 
remaining set. For S^^ e "Hsyz, this is always guaranteed. But we know nothing 
about Spy and, if it is not an element of Hsyz, it could have been removed in an 
earlier iteration. 

We claim that with respect to the term order the term lt^„ Sap is greater 
than both lt^,„Sa-y and It^^S^g^. Without loss of generality, we may assume for 
simplicity that a < /3 < 7, as the syzygies S^^ and Spa differ only by a sign. 
Thus It^^Sap — -f^Ga and similarly for Sa-, and 8^3-^. Furthermore, t-^ | tap 
trivially implies t^^ | tap and hence taf -< tap for any term order ^. Obviously, 
the same holds for tp.y. Now a straightforward application of the definition of the 
term order ^-h proves our claim. 

Thus if we always remove the syzygy S^^ e Hschreyer \ ^Syz whose leading 
term is maximal with respect to the term order it can never happen that the 
syzygy S p^ required for the application of Lemma l531 has already been eliminated 
earlier and Tisyz is a generating set of Syz(7i). 

It is a simple corollary to Schreyer's theorem that Tisyz is even a Grobner basis 
of Syz(7i). Indeed, we know that Tischroyor is a Grobner basis of Syz(7i) for the 
term order -<>^ and it follows from our considerations above that whenever we 
remove a syzygy Sap we still have in the remaining set at least one syzygy whose 
leading term divides It^^Sap- Thus we find 

(lt^„(Hsyz)) = (lt^„(Hschrcycr)) = lt^„Syz(W) (30) 

which proves our assertion. □ 

This result is not completely satisfying, as it only yields a Grobner and not an 
involutive basis of the syzygy module. The latter seems to be hard to achieve for 
arbitrary divisions L. For some divisions it is possible with a little effort. The key 
is that in the order ^t-c the numbering of the generators in H is important and we 
must choose the right one. For this purpose we slightly generalise a construction 
of Plesken and Robertz ||52l for the special case of a Janet basis. 
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We associate a graph with each involutive basis 7i . Its vertices are given by the 
terms in It^Ti. If Xj S ^^.^^.^(h) for some generator h E H, then, by definition 
of an involutive basis, H contains a unique generator h such that le^h is an invo- 
lutive divisor of le^(xjh). In this case we include a directed edge from le^h to 
le^h. The thus defined graph is called the L- graph of the basis H. 

Lemma 5.5 If the division L is continuous, then the L-graph of any involutive set 
Ti. C V is acyclic. 

Proof The vertices of a path in an L-graph define a sequence as in the definition 
of a continuous division. If the path is a cycle, then the sequence contains identical 
elements contradicting the continuity of the division. □ 

We order the elements of H as follows: whenever the L-graph of H contains 
a path from ha to hp, then we must have a < (3. Any ordering satisfying this 
condition is called an L-ordering. Note that by the lemma above for a continuous 
division L-orderings always exist (although they are in general not unique). 

For the Pommaret division P it is easy to describe explicitly a P-ordering 
without using the P-graph: we require that if either els < els or els = 
elsh;3 = k and and the last non-vanishing entry of le^hc — le^h^ is negative, 
then we must have a < f3. Thus we sort the generators first by their class and 
within each class lexicographically (according to our definition in Appendix A of 
Part I). It is straightforward to verify that this defines indeed a P-ordering. 

Example 5.6 Let us consider the ideal I C k[a;, y, z] generated by the six polyno- 
mials hi = , ft,2 — xy, — xz — y,hi = y^, /15 — yz~y and /ig = z'^ — z + x. 
One easily verifies that they form a Pommaret basis H for the degree reverse lexi- 
cographic order. The corresponding P-graph has the following form 



One clearly sees that the generators are already P-ordered, namely according to 



The decisive observation about an L-ordering is that we can now easily deter- 
mine the leading terms of all syzygies Sa-k G Wsyz for the Schreyer order ^-u- 

Lemma 5.7 Let the elements of the involutive basis Ti. d V be ordered according 
to an L-ordering. Then the syzygies Sa-k satisfy lt^„5Q.;fc — Xk^a. 

Proof By the properties of the involutive standard representation, we have in ( |26] | 
lt^(P^"'''^h;3) =< lUixkha) for all /3 and only one index /3 exists for which 




(31) 



the description above. 



<] 
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lt^{Pf'^>hp) = lt^(xfch„). Thus le^ is an involutive divisor of \e^{xkha) 
and the L-graph of H contains an edge from to h^. In an L-ordering, this 
implies a < /3. Now the assertion follows immediately from the definition of the 
term order ^-u- □ 

There remains the problem of controlling the multiplicative variables associ- 
ated to these leading terms by the involutive division L. For arbitrary divisions it 
does not seem possible to make any statement. Thus we simply define a class of 
involutive divisions with the desked properties and show afterwards that at least 
the Janet and the Pommaret division belong to this class. 

Definition 5.8 An involutive division L is of Schreyer type /or the term order -<, if 
for any set Ti which is involutive with respect to L and -< all sets Xl^i-i^^{\\) with 
h G 7i are again involutive. 

Lemma 5.9 Both the Janet and the Pommaret division are of Schreyer type for any 
term order 

Proof For the Janet division any set of variables, i. e. monomials of degree one, is 
involutive. Indeed, let T be such a set and Xk E T, then 

^.lA^k) = {x, I ^ V i < fc} (32) 

which immediately implies the assertion. For the Pommaret division sets of non- 
multiplicative variables are always of the form T = {xk,Xk+i, ■ ■ ■ , Xn} and such 
a set is trivially involutive. □ 

An example of an involutive division which is not of Schreyer type is the 
Thomas division T defined as follows: let M C Nq be a finite set and v € M 
an arbitrary element; then i G NT,jsf{v), if and only if Vi = max^gjv/Xi (obvi- 
ously, one may consider the Janet division as a kind of refinement of the Thomas 
division). One easily sees that no set consisting only of variables can be involutive 
for the Thomas division so that it cannot be of Schreyer type. 

Tlieorem 5.10 Let L be a continuous involutive division of Schreyer type for the 
term order -< and Ti. an L-ordered involutive basis of the polynomial module M. 
with respect to L and -<. Then Tisyz is an involutive basis of Syz(7i) with respect 
to L and the term order ^-h- 

Proof By Lemma lS^ the leading term of Sa-k G Tisyz is Xke^ and we have one 
such generator for each non-multiplicative variable Xk € XL^u.-<{^a)- Since we 
assume that L is of Schreyer type for these leading terms form an involutive set. 
As we know akeady from Theorem 15 .41 that Tisyz is a Grobner basis of Syz(7i), 
the assertion follows trivially. □ 

Note that under the made assumptions it follows immediately from the simple 
form of the leading terms that Tisyz is a minimal Grobner basis of Syz(7i). 
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Example 5.11 We continue with Example l5.6l As all assumption of Theorem lS.lOl 
are satisfied, the eight syzygies 
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- xes 
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S2;2 


= ye2 


— xe4 
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S3;2 


= yea 


— xe^ 


+ 64 


- 62 


(33h) 



form a Pommaret basis of the syzygy module Syz (7i) with respect to the induced 
term order ^-u- Indeed, as 

2;Si;2 = 2/Si;3 - a;S2:3 + a;S4;2 + S2;2 , (34a) 

zS2;2 = 2/S2;3 - a;S4;3 + S2;2 , (34b) 
zS3.2 = 2/S3;3 - xS5;3 - S2;3 + S4;3 + S3;2 - Si;2 , (34c) 

all products of the generators with their non-multiplicative variables possess an 
involutive standard representation. < 



6 Free Resolutions I: The Polynomial Case 

As Theorem lS. lOl vields again an involutive basis, we may apply it repeatedly and 
construct this way a syzygy resolution for any polynomial module A4 given an 
involutive basis of it for an involutive division of Schreyer type. We specialise 
now to Pommaret bases where one can even make a number of statements about 
the size of the resolution. In particular, we immediately obtain a stronger form of 
Hilbert's Syzygy Theorem as a corollary (in fact, we will see later that this is the 
strongest possible form, as the arising free resolution is always of minimal length). 

Theorem 6.1 Let Ti. be a Pommaret basis of the polynomial module A4 C V™. If 
we denote by (3^^ the number of generators h S 7i such that els le^h — k and set 
d = min{fc | /Jq*^' > 0}, then A4 possesses a finite free resolution 

— > — . » -pn — .-pro — , — , (35) 

of length n ~ d where the ranks of the free modules are given by 



(36) 



36 



Werner M. Seller 



Proof According to Theorem 15. 101 Tisyz is a Pommaret basis of Syz(7Y) for the 
term order -<u- Applying the theorem again, we can construct a Pommaret basis 
of the second syzygy module Syz'^(7Y) and so on. In the proof of Theorem 15. 101 
we showed that le^„SQ;fc — XkGa- Hence cIsSq;^ = k > clsh^ and if d is the 
minimal class of a generator in H, then the minimal class in Tisyz is d + 1. This 
yields the length of the resolution (l35b . as a Pommaret basis with d — n generates 
a free module. 

The ranks of the modules follow from a rather straightforward combinatorial 
calculation. Let pf^'' denote the number of generators of class k of the ith syzygy 
module Syz*(7i). By definition of the generators Sa;k, we find pf'' = Yl^=i /^i-i' 
as each generator of class less than k in the Pommaret basis of Syz*^^(7Y) con- 
tributes one generator of class k to the basis of Syz* (7i). A simple induction allows 
us to express the pf^^ in terms of the /^o'"'': 

The ranks of the modules in (l35l l are given by = X]fc=i Pf^'^ entering dJTl l 
yields via a classical identity for binomial coefficients (|36] |. □ 

Remark 6.2 Theorem 16 . 1 [ remains valid for any involutive basis Ti with respect to 

ik) (k) 

a continuous division of Schreyer type, if we define /3q (respectively /3l in the 
proof) as the number of generators with k multiplicative variables, since Theo- 
rem IsTTO] holds for any such basis. Indeed, after the first step we always analyse 
monomial sets of the form {2;^^ ,Xi^,..., } with ii < i2 < ■ ■ ■ < in-k- By 
assumption, these sets are involutive and this is only possible, if one for the gener- 
ators possesses n multiplicative variables, another one n — 1 and so on until the last 
generator which has only n — k multiplicative variables (this follows for example 
from Proposition 13.21 on the form of the Hilbert series). Hence the basic recur- 
sion relation /J^^*^^ = X)j=i Pi-i ^^'^ subsequent combinatorial computations 
remain valid for any division of Schreyer type. 

For the special case of the Janet division, Plesken and Robertz lf52l proved di- 
rectly the corresponding statement. Here it is straightforward to determine explic- 
itly the multiplicative variables for any syzygy: if ha is a generator in the Janet ba- 
sis H with the non-multiplicative variables Xj^-H^^{ha) — {xi-^ , , . . . , Xi^_^ } 
where ii < i2 < ■ ■ ■ < in-k, then 

Xj,Hsy^,<{^a-i,) = {xi, ■ ■ . ,x„} \ {xi^^i,Xi^-+2, . . ■ ,a;i„_fc} , (38) 

as one easily verifies. < 

As in general the resolution ( |35] | is not minimal, the ranks appearing in 
it cannot be identified with the Betti numbers of the module M . However, they 
obviously represent an upper bound. With a little bit more effort one can easily 
derive similar bounds even for the multigraded Betti numbers; we leave this as an 
exercise for the reader. 
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We may explicitly write the syzygy resolution ( l35T l as a complex. Let W be a 
free P-module with basis {u>i, . . . , Wp}, i. e. its rank is given by the size of the 
Pommaret basis H. Let V be a further free T'-module with basis {vi, . . . , w„}, 
i. e. its rank is determined by the number of variables in V, and denote by AV the 
exterior algebra over V. We set — W^-pA^V for < « < n. If k = (fci, . . . , /c^) 
is a sequence of integers with 1 < ki < k2 < ■ ■ ■ < ki < n and Uk denotes the 
wedge product Vk-^ A • • • A Wfc . , then a basis of this free P-module is given by the 
set of all tensor products Wa Wk- Finally, we introduce the submodule Si C C,; 
generated by all those basis elements where fci > els h^. Note that the rank of Si 
is precisely ri as defined by ( |36] |. 

We denote the elements of the Pommaret basis of Syz'(7i) by S^.k with the 
inequalities els he < fci < • • • < /c^. An involutive normal form computation 
determines for every non-multiplicative index n > fc^+i > ki — els S^-k unique 
polynomials p(^''<^''=»+i) g j^j^.^ , . . . , x^J such that 

/3=i e 

where the second sum is over all integer sequences £ = {£i, . . . ,£i) satisfying 
clshp < £i < ■ ■ ■ < ii < n. Now we define the P-module homomorphisms 
e : So ^ M and 6 : iS^+i Si by €{wa) = and 

S{wa «i Wk,fci+i) = (gi Wk -^Pp°'i'''''*'^'Wi3 V£ ■ (40) 

We extend the differential 5 to a map C^+i ^ Ci as follows. If fc^ < els h^, then 
we set 6{wa (Xi Wk) ~ 0. Otherwise let j be the smallest value such that kj > els 
and set (by slight abuse of notation) 

6{wa «> Wfci A • • • A Wfc.) Vfei A • • • A Vk^_^ A d{wa «> Wfe, A • • • A Wfe.) . (41) 

Thus the factor A • • • A remains simply unchanged and does not affect 
the differential. This definition makes, by construction, (C» , (5) to a complex and 
(5*, d) to an exact subcomplex which (augmented by the map e : Sq ^ M) is 
isomorphic to the syzygy resolution ( [35] l. 

Example 6.3 We continue with the ideal of Example l5.6l and l5.lll respectively. As 
here d = 1, the resolution has length 2 in this case. Using the notation introduced 
above, the module Sq is then generated by {wi, . . . , wg}, the module Si by the 
eight elements {wi (g) W3, . . . , W5 18) V3,wi (g z;2, ■ • ■ , W3 (g 1)2} (the first three 
generators in the Pommaret basis Ti. are of class 1, the next two of class 2 and 
the final one of class 3) and the module ^2 by {wi U2 A ^3, . . . , W3 (g W2 A V3} 
corresponding to the three first syzygies of class 2. It follows from the expressions 
(l33T l and (|34] |. respectively, for the first and second syzygies that the differential S 
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is here defined by the relations 

6{wi (g) V3) = zwi — XW3 — W2 , (42a) 

d{w2 (8) U3) = ZW2 - XW5 - W2 , (42b) 

S{w3 (g) W3) = ZW3 — xwq + ?i)5 ~ W3 + W1 , (42c) 

S{'W4 (Xi W3) = ZW4 — yw^ — W4 , (42d) 

S{w5 i^vs) = ZW5 - ywe + W2 , (42e) 

6{W3 1S1V2) = yW3 — XW5 +W4-'W2 , (42f) 

5{w2 'S1V2) = yw2 - XW4 , (42g) 

5{wi (g) V2) = ywi — XW2 , (42h) 

S{wi (g) W2 A V3) = zwi (g W2 — ywi (g U3 + XW2 (g — (42i) 

XW3 ®V2—W2®V2- 

5{W2 ®V2t\ V3) = ZW2 ®V2 — yW2 ^ V3 + XW4 ® V3 — ■W2 ® V2 , (42j) 

6{W3 1S1V2 /\ V3) = ZW3 i^V2- yW3 ®V3 + XW5 i^V3+ (42k) 

W2 ^^3 — — W2 + Wl (g) W2 , 

It is straightforward to verify explicitly the exactness of the complex (<S* ,6). < 



In the case that m = 1 and thus M is actually an ideal in V, it is tempting to 
try to equip the complex (C, , S) with the structure of a differential algebra. We first 
introduce a multiphcation x on W. If ha and hfs are two elements of the Pommaret 
basis H, then their product possesses a unique involutive standard representation 
hah/3 = X^^=i Pai3-yhj and we define 

p 

Wa X W0 = ^ PaHfW^ (43) 
7=1 

and continue "P-linearly on W. This multiplication can be extended to the whole 
complex C* by defining for arbitrary elements w,w &W and w, a) e AV 

(w^Lj) X {w u)) = {w X w) ^ {uj A u)) . (44) 

The distributivity of x is obvious from its definition. For obtaining a differen- 
tial algebra, the product x must furthermore be associative and satisfy the graded 
Leibniz rule 5{a x b) = d{a) x b + (— l)l'''a x S{b) where \a\ denotes the form 
degree of a. While in general both conditions are not met, a number of special 
situations exist where one indeed obtains a differential algebra. 

Let us first consider the associativity. It suffices to study it at the level of W 
where we find that 

p 

Wa X {W/S XW^) = ^ Pp^sPa&eWe , (45a) 
i5,e=l 

P 

{Wa X Wp) X = ^ PafSsP-ySeWe ■ (45b) 
5,e=l 
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One easily checks that both e=i PjSjsPaSehe and ^^^^ Pa/ssP-ySeh^ are stan- 
dard representations of the product hahph^ for the Pommaret basis H. However, 
we cannot conclude that they are involutive standard representations, as we do 
not know whether Pfj^s and Paps, respectively, are multiplicative for h^. If this 
was the case, the associativity would follow immediately from the uniqueness of 
involutive standard representations. 

For the graded Leibniz rule the situation is similar but more involved. In the 
next section we will discuss it in more details for the monomial case. In the end, it 
boils down to analysing standard representations for products of the form Xkhahp. 
Again there exist two different ways for obtaining them and a sufficient condition 
for the satisfaction of the Leibniz rule is that both lead always to the unique invo- 
lutive standard representation. 

Example 6.4 Let us analyse the by now familiar ideal I C h[x, y, z] generated by 
hi = — z, h2 = yz — X and /13 = — xy. We showed already in Part I 
(Example 5.10) that these polynomials form a Pommaret basis of T for the degree 
reverse lexicographic term order. The Pommaret basis of the first syzygy module 
consists of Si;3 = zei — 7/62 + 63 and S2;3 — — 2/63 — xei. As both generators 
are of class 3, this is a free module and the resolution stops here. 

In a straightforward calculation one obtains for the multiplication x the fol- 
lowing defining relations: 

wf ^ yw2 + y^wi , wi X W2 = -yw^ + y'^W2 - xwi , (46a) 



Note that all coefficients of wi and W2 are contained in h[x, y] and are thus mul- 
tiplicative for all generators. This immediately implies that our multiplication is 
associative, as any way to evaluate the product Wa x wp x leads to the unique 
involutive standard representation of hahph^. 

As furthermore in the only two non-multiplicative products zh2 = yh^ + xhi 
and zhi = y/12 + ^3 all coefficients on the right hand sides lie in h[x, y], too, it 
follows from the same line of reasoning that the differential satisfies the Leibniz 
rule and we have a differential algebra. <] 

The situation is not always as favourable as in this example. The next example 
shows that in general we cannot expect to obtain a differential algebra (in fact, not 
even an associative algebra). 

Example 6.5 Let us continue with the ideal of Examples 15. 61 15. 11 l and |63] Evalu- 
ating the defining relation (l43T l is particularly simple for the products of the form 
Wi X wq = hiWQ, as all variables are multiplicative for the generator h^. Two fur- 
ther products are = y^WQ — yw^ — XW4 and w-s x = xywQ — yw^ — XW2- 
In a straightforward computation one finds 



Wi X i(;3 = {y^ - z)w3 , = y^w^ - XW2 + xywi , 

W2XWi = {yz - x)w3 , wl = {z^ - xy)w3 . 



(46b) 
(46c) 



{ws X W5) X — W3 X wl — x^Wi — xyw2 , 



(47) 
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so that the multiplication is not associative. Note that the difference corresponds 
to the syzygy x'^h^ — xyh2 — 0. This is not surprising, as it encodes the difference 
between two standard representations of hs h\ . The reason for the non-associativity 
lies in the coefficient y of in the power ; it is non-multiplicative for h2 and 
the generator W2 appears in the product wj, x W5. Hence computing wj, x w| 
does not lead to an involutive standard representation of h^Kl whereas the product 
{wz X W5) X W5 does. <1 



7 Free Resolutions II: The Monomial Case 

In the special case of monomial modules, stronger results can be obtained. In par- 
ticular, it is possible to obtain a closed form of the differential ( l40l i based only on 
the set H and to characterise those modules for which ( |35] | is a minimal resolution. 
These are generalisations of results by Eliahou and Kervaire 1261 . 

For a monomial module the existence of a Pommaret basis is a non-trivial 
assumption, as the property of being a monomial module is not invariant under 
coordinate transformations. Therefore we always assume in the sequel that we are 
dealing with a quasi-stable submodule Ai C T'™. Let H = {hi, . . . , hp} with 
ha G T™ be its monomial Pommaret basis (by Proposition 2.11 of Part I, it is 
unique). Furthermore, we introduce the function A{a, k) determining the unique 
generator in the Pommaret basis H such that Xkha = ta.k'iiA{a,k) with a term 

ta,k e k[^p(h^(a^fc))]. 

Lemma 7.1 The function A and the terms t^.k satisfy the following relations. 

(1) The inequality els ha < clsh^(-Q, j,-) < k holds for all non-multiplicative in- 
dices k > els ha- 

(ii) Let k2 > ki > clsha be two non-multiplicative indices. If clsh^(Q j.^) ^ ^i- 
then A(A{a,ki),k2) = A{a,k2) and Xk^taM = taMtA{aM)M- Other- 
wise we have the two equations Z\(Z\(q!, fci), ^2) = A(^A{a, k2), ki'j and 

ta,kitA{oi,ki),k2 ~ ^Q!.'£2 ^4(a.'c2) • 

Proof Part (i) is trivial. The inequality els h^, < els hA(a,k) follows from the 
definition of A and the Pommaret division. If els hA^a.k) > k, then hA(a.k) would 
be an involutive divisor of h^ which contradicts the fact that any involutive basis 
is involutively head autoreduced. 

For Part (ii) we compute the involutive standard representation of XkiXk2^a- 
There are two ways to do it. We may either write 

Xk^Xk^^a ~ Xk2ta,ki'^A{aM) — ta,kit A(a,ki) ,k2^'^i^{a,ki) M) ' *^^^) 

which is an involutive standard representation by Part (i), or start with 

Xk^Xk^h-a = XkJaM'^AiaM) ^'^'^^ 

which requires a case distinction. If c\shA(a.k2) ^ ^i' we have already an invo- 
lutive standard representation and its uniqueness implies our claim. Otherwise we 
must rewrite multiplicatively XkihA(aM) = tA{aM)M^A{A(aM)M) in order to 
obtain the involutive standard representation. Again our assertion follows from its 
uniqueness. □ 
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Using this lemma, we can now provide a closed form for the differential S 
which does not require involutive normal form computations in the syzygy mod- 
ules Syz* {TC) (which are of course expensive to perform) but is solely based on in- 
formation already computed during the determination of Ti,. For its proof we must 
introduce some additional notations and conventions. If again k = (fci, . . . , fc^) is 
an integer sequence with 1 < ki < ■ ■ ■ < ki < n, then we write kj for the same 
sequence of indices but with kj eliminated. Its first entry is denoted by (kj)i; 
hence (kj)i — ki for j > 1 and (kj)i = k2 for j — 1. The syzygy Sa-k is 
only defined for clsha < ki. We extend this notation by setting Sa;k = for 
els ha > ki. This convention will simplify some sums in the sequel. 

Theorem 7.2 Let M C T"^ be a quasi-stable submodule and k — (fci, . . . , ki). 
Then the differential 5 of the complex C* may be written in the form 



Proof Note that all summands where kj is multiplicative for vanish. This im- 
plies trivially (|4TI) . so that we can restrict to the case that clshc < fci. Then our 
theorem is equivalent to 



Saik — 1)* ^ {Xkj^a-kj ~ 'ta,k.jSA{a,k)-kj) ■ (51) 

J = l 

Some of the terms S/i(Q fc).^^ might vanish by our above introduced convention. 
The equation ( BTT ) is trivial for i — 1 (with = h^) and a simple corollary to 
Lemma|7T|(ii) for i — 2. 

For i > 2 things become messy. We proceed by induction on z. In our approach, 
the syzygy S„.k arises from the non-multiplicative product Xk^Sa-.ki- Thus we 
must compute now the involutive normal form of this product. By our induction 
hypothesis we may write 

i-l 

XkiSa-ki ^^^{-^y^^^^XkjXk,Sa■kj, - Xkita^kjSA(a,kj);kj,) ■ (52) 

As is always non-multiplicative, using again the induction hypothesis, each 
summand may be replaced by the corresponding syzygy — but only at the expense 
of the introduction of many additional terms. The main task in the proof will be 
to show that most of them cancel. However, the cancellations occur in a rather 
complicated manner with several cases, so that no simple way for proving ( fSTT i 
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seems to exist. We obtain the following lengthy expression: 



i-l 
i-1 

E 



7=1 

1 



i-1 



£=1 



i-2 



i-l 



i-l 



E/_i\«+i+i„^ S ® 



i-l 

i=i 



^=J+1 
i-l 

E/_i\^+i+l^ o (U) 

k '■^(«.'=j).fc«'^A(/l(a,fej),fef);kfj 



i-l 



=i+l 



i-l 



(53) 



^( 1)* ^ ■'^a>fej*/i(a,fcj),fciS/l(z\(c<,fe3),fei);k3i ' 

i=i 

Note that the terms (3, (8) and (13), respectively, correspond to the special case t = i 
(and i = i — 1) in the sums (6) and (12), respectively. We list them separately, as they 
must be treated differently. The existence of any summand where the coefficient 
contains a term t.^. is bound on conditions. 

With the exception of the coefficient 3;^. ^ in the term (8), all coefficients are 
already multiplicative. Thus this term must be further expanded using the induction 
hypothesis for the last time: 



i=l 

i-l 

+ E*-"''"-'* ^ ^'^°'''^i^^{oi,ki),ki^A(A(a,ki),kj)-Mji ■ 



(54) 



i=i 
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The left hand side of (l53T l and the terms (T|, (2) and (TD represent the syzygy 
Sa.k we are looking for. We must thus show that all remaining terms vanish. In 
order to simplify the discussion of the double sums, we swap j and ^ in (3), (5), ® 
and (Tl) so that everywhere j < I. It is now easy to see that (3) and (D cancel; each 
summand of (3) also appears in 3) but with the opposite sign. Note, however, that 
the same argument does not apply to (IT) and (T^l, as the existence of these terms is 
bound to different conditions ! 

For the other cancellations, we must distinguish several cases depending on 
the classes of the generators in the Pommaret basis 7i. We first study the double 
sums and thus assume that 1 < j <i. 

- If els '^A{a,kj) < (kj)i' the terms (5) and (10) are both present and cancel each 
other We must now make a second case distinction on the basis of h.A(a,ki)- 

- If els h^((j < (kj)i, then the terms (6) and© are also present and cancel 
each other Furthermore, both (IT) and (12) exist and cancel due to the second 
case of Lemma lTTI di). 

- If clsh/i(Q fe^) > (kj)i, then none of the four terms (6), (9), (11) and (12) 
exists. For the latter two terms, this fact is a consequence of the first case 
of Lemma lTTI di). 

- Ifelsh^j-Q, j,^) > (kj ) 1 . then neither (5) nor (TO) nor (I2) exists. For the remaining 
double sums, we must again consider the class of '^A{a,ki)- 

- If c\sh.A(a, ki) < (kj)i' then the terms (6) and (9) exist and cancel each 
other The term (IT) does not exist, as Lemma ItTTI implies the inequalities 
elsh^(^(Q, fc^) fc^) = clsh^(^(Q, fc^) > c\sh/^f^a,kj) > (kj)i- 

- If els h/^i^a.kt) ^ (^)i' then neither (6) nor @) exist and the term (11) is not 
present either; this time the application of Lemma|2T|(ii) yields the chain 
of inequalities dshA(A{aM).kj) > clsh^(„^fe,) > (kj)i. 

For the remaining terms everything depends on the class of hA(a,ki) control- 
ling in particular the existence of the term (8). 

- If c\sh.A{a.ki) < ki < (kj)i, then the term (8) exists and generates the terms 
(151 and (16). Under this condition, the term (7) is present, too, and because of 
Lemma ITTI di) it cancels (15) . Again by Lemma fTTI di). the conditions for the 
existence of (13) and (16) are identical and they cancel each other. 

- If els hA{a,ki) > ki, then (8) and consequently (15) and (16) are not present. The 
analysis of (7) and (13) requires a further case distinction. 

- Under the made assumption, the case clsh^(c, fc;) < (kj)i can occur only 
for j = 1 as otherwise (kj)i = ki. Because of Lemma 17.1 1 (ii). the terms 
(7) and (13) exist for j — 1 and cancel each other. 

- If chhA(a, ki) > (kj)i' then (7) does not exist. The term (13) is also not 
present, but there are two different possibilities: depending on which case 
of Lemma l7.1l (ii) applies, we either find clsh^j-^j-Q. ^^. ) ~ els h^(Q j,.) 
or c\sh^^^(^a,k,)M) = clsh^(4(„^fc^)^fe^.) > els h^(„^fc^); but in any case 
the class is too high. 

Thus we have shown that indeed all terms vanish with the exception of (1), (2) 
and dD which are needed for the syzygy Sa^k- This proves our claim. □ 
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As in the previous section, we may introduce for monomial ideals, i. e. for 
TO = 1, the product x . The right hand side of its defining equation (|43] | simplifies 
for a monomial basis TL to 

Wq X = nia./iwricp) (55) 

where the function r{a,(3) determines the unique generator /ir(Q,/3) such that 
hahfs — mcphpf^^.p) with a term TOq,/} e li[Xp[hr(a,(3))]- CoiTesponding to 
Lemma im we obtain now the following result. 

Lemma 7.3 The function F and the terms rria^p satisfy the following relations. 

(i) c\s.hp(^ap-^ > max {els /iq, els /i^}. 

(ii) r{r{a, (3), 7) = r{a, r{f3, 7)) and ma,0mr(a,f3),'y = m0^^mr(p,^),a- 

(iii) r{A{a, k),(3) = A(r{a, (3), k) and ta.km^(^a^k),i3 = ^r(Q,/3),fcTOQ,/3- 

Proof Part (i) is obvious from the definition of the function F. Part (ii) and (iii), 
respectively, follow from the analysis of the two different ways to compute the 
involutive standard representation of hahph^ and Xkhahp, respectively. We omit 
the details, as they are completely analogous to the proof of Lemma lTTT] □ 

Theorem 7.4 Let Ti. be the Pommaret basis of the quasi-stable ideal X QV. Then 
the product x defined by ( 1551 ) makes the complex (C*, 6) to a differential algebra. 

Proof This is a straightforward consequence of Lemma l73] Writing out the rela- 
tions one has to check, one easily finds that Part (ii) ensures the associativity of x 
and Part (iii) the satisfaction of the graded Leibniz rule. □ 

8 Minimal Resolutions and Projective Dimension 

Recall that for a graded polynomial module M a graded free resolution is minimal, 
if all entries of the matrices corresponding to the maps 0i : 7""' — > 'P''»-i are 
of positive degree, i. e. no constant coefficients appear Up to isomorphisms, the 
minimal resolution is unique and its length is an important invariant, the projective 
dimension proj dim of the module. If the module is graded, the resolution 
( I35I 1 is obviously graded, too. However, in general, it is not minimal. We introduce 
now a class of monomial modules for which it is always the minimal resolution. 

Definition 8.1 A (possibly infinite) set M C ]Nq is called stable, if for each multi 
index v € Af all multi indices v — Ik + Ij with k — chv < j < n are also 
contained in Af. A monomial submodule M. C is stable, ;/ each of the sets 
Afa = I x^Gq e M} C Nq with 1 < a <m is stable. 

Remark 8.2 The stable modules are of considerable interest, as they contain as a 
subset the Borel-fixed modules, i. e. modules M C 7^™ which remain invariant un- 
der the natural action of the Borel group0 Indeed, one can show that (for a ground 



Classically, the Borel group consists of upper triangular matrices. In our "inverse" con- 
ventions we must take lower triangular matrices. 
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field of characteristic 0) a module is Borel-fixed, if and only if it can be generated 
by a set S of monomials such that whenever x'^ej € S then also x'^~-^''~^^^ ej G S 
for all dsi' < k < j < n Ii23i Thm. 15.23]. Generically, the leading terms of any 
polynomial module form a Borel-fixed module ll23l Thm. 15.20]. Note that while 
stability is obviously independent of the characteristic of the base field, the same 
is not true for the notion of a Borel-fixed module. <] 



Any monomial submodule has a unique minimal basis. For stable submodules 
it must coincide with its Pommaret basis. This result represents a very simple 
and effective characterisation of stable submodules. Furthermore, it shows that 
any stable submodule is trivially quasi-stable and thus explains the terminology 
introduced in Definitionl4.2l 



Proposition 8.3 Let Ai C V"^ be a monomial submodule. M is stable, if and only 
if its minimal basis TL is simultaneously a Pommaret basis. 

Proof Let us assume first that Ai is stable; we have to show that {Ti)p = M.. 
For every term s e Al a unique term ti e 7i exists such that s = siti for some 
term si e T. If si G k[Xp(ti)], we are done. Otherwise there exists an index 
j > /c = clsti such that Xj \ si and we rewrite 

-s^ i^t^ . (56) 

Xj ) \Xk ) 

Since, by assumption, M. is stable, (xjlxk)t\ e M.. Thus a term t2 E H exists 
such that {xj/xk)ti — S2t2 for some term S2 E T. We are done, if t2 \ps. 
Otherwise we iterate this construction. By the continuity of the Pommaret division, 
this cannot go on infinitely, i. e. after a finite number of steps we must reach a term 
tjv e 7i such that tjv \p s and thus s E (H) p. 

For the converse, assume that the minimal basis H is a Pommaret basis. Then 
a unique t E H exists for each s E A4 such that t |p s. We must show that with 
= clss < cist for all i > k the terms {xi/xk)s are also elements of A4. 
We distinguish two cases. If s = t, a t e ?i exists with t |p (xit). As 7i is a 
minimal basis, it cannot be that t — Xit. Instead we must have that t | {xi/xk)t — 
{xi/xk)s and we are done. If s 7^ t, we write s = st with s E TT.lf k < cist, 
then Xk I s which implies that we can divide by Xk and thus {xi/xk)s E M.. 
Otherwise, clss ~ cist and we know from the first case that {xi/xk)t E A4. But 

{Xi/Xk)s = {Xi/Xk)st. □ 

This result is due to Mall [48] (but see also the remark after Lemma 1.2 in 
ll26l ). He used it to give a direct proof of the following interesting result which for 
us is an immediate corollary to our definition of an involutive basis. 

Theorem 8.4 Let M. C 'P™ be a graded submodule in generic position and Q the 
reduced Grobner basis of M. for an arbitrary term order ^. If char k = 0, then 
Q is also the minimal Pommaret basis of T for ^. 
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Proof The generic initial module of any module is Borel fixed ll27l (see also the 
discussion in fST, Section 15.9]) which implies in particular that it is stable for 
char k = 0. By definition of a reduced Grobner basis, \e^Q is the minimal basis 
of \e-^^A. But as \e-^^A is generically stable, this implies that \e^Q is a Pommaret 
basis of le^A^ and thus is a Pommaret basis of M. As the Pommaret division 
is global, Q is automatically the unique minimal basis. □ 

Remark 8.5 It follows from Lemma [231 that if 7i is a Pommaret basis of the sub- 
module Ai C 7-"" of degree q, then {\t^Ai)>q is a stable monomial submodule, 
as It^Hq is obviously its minimal basis and simultaneously a Pommaret basis. < 

Theorem 8.6 Let A4 C V"^ be a quasi-stable module. Then the syzygy resolution 
given by (|55ll is minimal, if and only if Ai is stable. 

Proof We denote again the elements of the Pommaret basis of Syz*(7i) as above 
by SQ.;k with the inequalities els he < /ci < • • • < ki and the basis elements of 
the free module 7"'' by e^^k with the same inequalities. For a monomial module 
our syzygies are, by construction, of the form 

p 

Sa;k = XkiGa-l^^ ~ 51 ^^P^t^ ^P-f- (57) 

with terms t^j^."^^ € . . . ^xi^_^ and where the second sum is over all se- 

quences i — (^1, . . . ,£i~i) with clsh^ < £i < ■ ■ ■ < By definition, the 

resolution is minimal, if and only if all non-vanishing t^j^.f''^ ^ k. 

We proceed by an induction over the resolution. If Ai is stable, the Pommaret 
basis Ti is the minimal basis of Ai by Proposition [O] For each element he € H 
and each non-multiplicative index k > els the product Xkh.a has the involutive 
standard representation ta,k^A{a,k)- As Ti is the minimal basis of Ai, it is not 
possible that t^.k G k, as otherwise | h^(Q j,). 

Assume that t'^^.'^'^ ^ k for all possible values of the scripts. For the induction 

we must show that all non-vanishing coefficients t^p.'^l^'^*^'^ with ii > £i^i and 
fci+i > ki do not lie in k. For this purpose, we rewrite 

Xk,+iSa-k = Xk,{xk^^iea-]^J - y^^3°i'^^(a:fc,+ie;3;£) (58) 

and compute a normal form with respect to the Pommaret basis of Syz*^^ (Ti). We 
solve each syzygy ( |57] l for its initial term, the first term on the right hand side, 
and substitute the result in ( |58] l whenever there is a non-multiplicative product of a 
basis vector efs-£. As all non-vanishing coefficients t^/^j^'' 4- such a substitution 

can never decrease the degree of a coefficient. Thus t'^p.^'l^'*^'^ 4- ^ for all possible 
values of the scripts, too. 

This proves that for a stable module the resolution ( |35] ) is minimal. Assume for 
the converse that Ai is not stable. By Proposition l8 . 3l the Pommaret basis Ji cannot 
be the minimal basis. In this case, Ti contains elements h^, h^j with h/3 = Xfcho, 
for some Xk E Xp{ha). So the syzygy Sa-k — Xke^ — ep contains a constant 
coefficient and the resolution is not minimal. □ 
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Example 8.7 One might be tempted to conjecture that this resuh extended to poly- 
nomial modules, i.e. that (|35] | was minimal for polynomial modules with stable 
leading module It^A^. Unfortunately, this is not true. Consider the homogeneous 
ideal I C ]k;[a;, y, z] generated by /ii = + xy, h2 — yz — xz, = y^ + xz, 
hi = x^z and he, — x^y. One easily checks that these elements form a Pommaret 
basis H for the degree reverse lexicographic term order and that It^M is a stable 
module. A Pommaret basis of Syz(7i) is given by 



S2;3 


= ze2 


+ {x- 


y)ei + xes 


- 64 


- es , 


(59a) 


S3;3 


= zes 


— XBi - 


-{x + y)e2 


- 64 - 


+ 65 , 


(59b) 


S4;3 


= ze^ 


- X ei 


+ a;e5 , 






(59c) 


S5;3 


= ze^ 


- x^e2 


— xe^ , 






(59d) 


S4:2 




' x)ei - 








(59e) 


S5;2 


= ye5 




+ a;e4 . 






(59f) 



As the first two generators show, the resolution ( l35T l is not minimal. <l 

Given an arbitrary graded free resolution, it is a standard task to reduce it to the 
minimal resolution using just some linear algebra (see for example 1221 Chapt. 6, 
Theorem 3.15] for a detailed discussion). Thus for any concrete module Al it is 
straightforward to obtain from (ISSl l the minimal resolution. However, even in the 
monomial case it seems highly non-trivial to find a closed form description of the 
outcome of the minimisation process. Nevertheless, the resolution (|35] | contains so 
much structure that certain statements are possible. 

Theorem 8.8 Let Ti. be a Pommaret basis of the graded module M. C 7-"" for a 
class respecting term order and set d = minhe^i; els h. Then proj dim M = n — d. 

Proof Consider the resolution ( |35] | which is of length n — d. The last map in it is 
defined by the syzygies Sa-{d+i n) originating in the generators e 7i with 
els ha = d. Choose now among these generators an element h-^ of maximal de- 
gree (recall that the same choice was crucial in the proof of Proposition 12.191 ). 
Then the syzygy S^.(rf_(_i „) cannot contain any constant coefficient, as the coef- 
ficients of all basis vectors ep-i^ where the last entry of k is n must be contained in 
(xi, . . . , x„_i) and the coefficients of the basis vectors ea:{d+i,...,n-i) cannot be 
constant for degree reasons. 

If we start now a minimisation process at the end of the resolution, then it 
will never introduce a constant term into the syzygy §..^.(£(4.1 „) and thus it will 
never be eliminated. It is also not possible that it is reduced to zero, as the last map 
in a free resolution is obviously injective. This implies that the last term of the 
resolution will not vanish during the minimisation and the length of the minimal 
resolution, i. e. proj dim A^, is still n — d. □ 

The graded form of the Auslander-Buchsbaum formula |23, Exercise 19.8] is 
now a trivial corollary to this theorem and Proposition 12. 191 on the depth. Note 
that, in contrast to other proofs, our approach is constructive in the sense that we 
automatically have an explicit regular sequence of maximal length and an explicit 
free resolution of minimal length. 
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Corollary 8.9 (Auslander-Buchsbaum) Let M C V"^ be a graded polynomial 
module with V — k[a;i, . . . , Xn]. Then depth + proj dim A1 = n. 

As for a monomial module we do not need a term order, we obtain as further 
simple corollary the following relation between proj dim Al and proj dim (It^Al). 

Corollary 8.10 Let M. C 7^™ be a graded module and -< an arbitrary term order 
for which A4 possesses a Pommaret basis. 77ien proj dim < proj dim (It^Al). 

Proof Let H be the Pommaret basis of the module M for the term order -< and 
set d — minhew els (It^h). Then it follows immediately from Theorem [O] that 
proj dim (It^A^) — n — d. On the other hand. Theorem 16. 1 1 guarantees the ex- 
istence of the free resolution (l35T l of length n ~ d for so that this value is an 
upper bound for proj dim M . □ 



9 Castelnuovo-Mumford Regularity 

For notational simplicity we restrict again to ideals instead of submodules. In many 
situations it is of interest to obtain a good estimate on the degree of an ideal basis. 
Up to date, no satisfying answer is known to this question. Somewhat surprisingly, 
the stronger problem of bounding not only the degree of a basis of I but also of its 
syzygies can be treated effectively. 

Definition 9.1 Let X V be a homogeneous ideal. X is called g-regular, if its ith 
syzygy module is generated by elements of degree less than or equal to q + i. The 
Castelnuovo-Mumford regularity regX is the least qfor which X is q-regular 

Among other applications, the Castelnuovo-Mumford regularity regX is a use- 
ful measure for the complexity of Grobner basis computations [9|. The question 
of effectively computing regX has recently attracted some interest. In this section 
we show that regX is trivially determined by a Pommaret basis with respect to the 
degree reverse lexicographic order and provide alternative proofs to some charac- 
terisations of the Castelnuovo-Mumford regularity proposed in the literature. 

Theorem 9.2 Let X Q V be a homogeneous ideal. The Castelnuovo-Mumford 
regularity of X is q, if and only if X has in some coordinates a homogeneous 
Pommaret basis of degree q with respect to the degree reverse lexicographic order 

Proof Let x be some (5-regular coordinates for the ideal X so that it possess a Pom- 
maret basis Ji of degree q with respect to the degree reverse lexicographic order 
in these coordinates. Then the ith module of the syzygy resolution ( [35] l induced 
by the basis Ti. is obviously generated by elements of degree less than or equal to 
q + i. Thus we have the trivial estimate regX < q and there only remains to show 
that it is in fact an equality. 

For this purpose, consider a generator h~f E H of degree q which is of minimal 
class among all elements of this maximal degree q in H. If els hj — n, then 
cannot be removed from H without loosing the basis property, as the leading term 
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of no other generator of class n can divide \t^h^ and, since the degree reverse 
lexicographic order is class respecting, all other generators do not contain any 
terms of class n. Hence we trivially find regl ~ qin this case. 

If els = n — i for some i > 0, then the resolution (|35] | contains at the ith 
position the syzygy S^:(„_i+i „) of degree q + i. Assume now that we min- 
imise the resolution step by step starting at the end. We claim that the syzygy 
Sj-(^n~i+i n) is not eliminated during this process. 

There are two possibilities how ^-/-[n-i+i n) could be removed during the 
minimisation. The first one is that a syzygy at the next level of the resolution con- 
tained the term e-y.(„_j+i „) with a constant coefficient. Any such syzygy is of 
the form ( |39] | with els ha < n — i and els < fci < • • • < /c^ < n and its leading 
term is Xfc.^jeQ;k with fci+i > ki. However, since els {xk^ ■ ■ ■ Xk^j^^ha) < n — i 
and els {xn-i+i ■ ■ ■ Xnh-f) — n — i, it follows from our use of the degree reverse 
lexicographic order (since we assume that everything is homogeneous, both poly- 
nomial have the same degree) and the definition of the induced Schreyer term 
orders, that the term e^.(„_i^i „) is greater than the leading term Xki^^Ga-.k of 
any syzygy Sa;{ki,...,ki+i) the level i + 1 and thus cannot appear 

The second possibility is that S^.(^n-i+i,....n) itself contained a constant coef- 
ficient at some vector e^^. However, this required deg/i^ = degh^ + 1 which 
is again a contradiction^] As the minimisation process never introduces new con- 
stant coefficients, the syzygy S^.(„_j+i „) may only be modified but not elim- 
inated. Furthermore, the modifications cannot make S..y.(„_j_|_i „) to the zero 
syzygy, as otherwise a basis vector of the next level was in the kernel of the differ- 
ential. However, this is not possible, as we assume that the tail of the resolution is 
already minimised and by the exactness of the sequence any kernel member must 
be a linear combination of syzygies. Hence the final minimal resolution will con- 
tain at the ith position a generator of degree q + i and regX = q. □ 

To some extent this result was to be expected. By Theorem 18.41 the reduced 
Grobner basis is generically also a Pommaret basis and according to Bayer and 
Stillman [lOJ this basis has for the degree reverse lexicographic order generically 
the degree regX. Thus the only surprise is that Theorem l9.2l does not require that 
the leading ideal is stable and the Pommaret basis H is not necessarily a reduced 
Grobner basis (if the ideal I has a Pommaret basis of degree q, then the truncated 
ideal (le^I)>g is always stable by Remark [83] and thus the set Hq defined by ([T]l 
is the reduced Grobner basis of T>q). 

Note furthermore that Theorem 19 . 21 implies a remarkable fact: given arbitrary 
coordinates x, the ideal T either does not possess a finite Pommaret basis for the 
degree reverse lexicographic order or, if such a basis exists, it is of degree regX. 



For later use we note the following fact about this argument. If B/j-e is a constant term 
in the syzygy S-,;(„_i+i,...^„), then it must be smaller than the leading term and hence 
lt^{xe^ ■ ■ -xe.hfs) -< \t^{xki ■ ■ •a;fe.^j/iQ,) implying that clshp < cls/i^. Thus it suf- 
fices, if is of maximal degree among all generators £ Ti. with els hp < els h^. For 
the special case that h-, is of minimial class, we exploited this observation already in the 
proof of Theorem 1 8. 8 1 
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Hence using Pommaret bases, it becomes trivial to determine the Castelnuovo- 
Mumford regularity: it is just the degree of the basis. 

Remark 9.3 The proof of Theorem |9.2| also provides us with information about the 
positions at which in the minimal resolution the maximal degree is attained. We 
only have to look for all elements of maximal degree in the Pommaret basis; their 
classes correspond to these positions. < 

Remark 9.4 Recall from Remark l672l that Theorem 16. II remains valid for any in- 
volutive basis H with respect to a continuous division of Schreyer type (with an 
obvious modification of the definition of the numbers /Jq'^^) and that it is indepen- 
dent of the used term order. It follows immediately from the form of the resolution 
(l35T l, i. e. from the form of the maps in it given by the respective involutive bases 
according to Theorem lS.lOl that always the estimate regl < deg H holds and thus 
any such basis provides us with a bound for the Castelnuovo-Mumford regularity. 

This observation also implies that an involutive basis with respect to a division 
of Schreyer type and an arbitrary term order can never be of lower degree than the 
Pommaret basis for the degree reverse lexicographic order. The latter one is thus 
in this sense optimal. As a concrete example consider again the ideal mentioned in 
Remark l2.20l in "good" coordinates a Pommaret basis of degree 2 exists for it and 
after a simple permutation of the variables its Janet basis is of degree 4. < 

In analogy to Corollarv 18. 101 comparing the projective dimension of a mod- 
ule M and its leading module It^A^ with respect to an arbitrary term order ^, we 
may derive a similar estimate for the Castelnuovo-Mumford regularity. 

Corollary 9.5 Let X QV be a homogeneous ideal and -< an arbitrary term order 
such that a Pommaret basis of X exists. Then legX < reg (It^X). 

Proof Let H be the Pommaret basis of X for the term order -< and set q — deg H. 
Then it follows immediately from Theorem |9.2| that rcg (It^X) = q. On the other 
hand, the form of the free resolution (|35] | implies trivially that rcgX < q. □ 

Remark 9.6 Bayer et al. l8| introduced a refinement of the Castelnuovo-Mumford 
regularity: the extremal Betti numbers. Recall that the (graded) Betti number Pij 
of the ideal / is defined as the number of minimal generators of degree i+j of the 
ith module in the minimal free resolution of X (thus reg X is the maximal value j 
such that l3i,i+j > for some i). A Betti number > is called extremal, if 
(3ke = for all fc > z and £ > j. There always exists a least one extremal Betti 
number: if we take the maximal value i for which /?i,i+rogi > 0, then /3i,i+rcgi is 
extremal. In general, there may exist further extremal Betti numbers. Bayer et al. 
IS] Thm. 1 .6] proved that for any ideal X both the positions and the values of the 
extremal Betti numbers coincides with those of its generic initial ideal with respect 
to the degree reverse lexicographic order 

Our proof of Theorem 19.21 allows us to make the same statement for the or- 
dinary initial ideal for -<degieviex — ^provided the coordinates are (5-regular Further- 
more, it shows that the extremal Betti numbers of X can be immediately read off 
the Pommaret basis H of X. Finally, if we introduce "pseudo-Betti numbers" for 
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the (in general non-minunal) resolution ( l35T l, then the positions and values of the 
extremal numbers coincide with the true extremal Betti numbers of X. 

Take the generator h-^ used in the proof of Theorem l9.2l If els /i^ = n — ii and 
deg/i^ = q\, thentheconsiderationsintheproofimply immediately that /Ji^ gj+ij^ 
is an extremal Betti number and its value is given by the number of generators of 
degree q\ and class n — i\vs\ the Pommaret basis 7i. If i\ — depthX, then this 
is the only extremal Betti number. Otherwise, let (72 be the maximal degree of a 
generator h E H with els ft. < n — ii and assume that n — 12 is the minimal class of 
such a generator Then the arguments used in the proof of Theorem |9.2| show that 
A2 -q^+i-i is ^Iso an extremal Betti number and that its value is given by the number 
of generators of degree (72 and class n ~ i2 in the Pommaret basis H. Continuing 
in this manner, we obtain all extremal Betti numbers. Since all our considerations 
depend only on the leading terms of the generators, we find for the leading ideal 
It^X exactly the same situation. <1 

Combining the above results with Remark [831 and Proposition IS . 3l immediatelv 
implies the following generalisation of a result by Eisenbud, Reeves and Totaro 
II25I Prop. 10] for Borel-fixed monomial ideals. 

Proposition 9.7 Let X be a quasi-stable ideal generated in degrees less than or 
equal to q. The ideal X is q-regular, if and only if the truncation X>g is stable. 

Bayer and Stillman ifTOl gave the following characterisation of g-regularity for 
which we now provide a new proof. Note the close relationship between their first 
condition and the idea of assigning multiplicative variables. 

Theorem 9.8 Let X V be a homogeneous ideal which can be generated by 
elements of degree less than or equal to q. Then X is q-regular, if and only if for 
some value < d < n linear forms 2/1 , ■ • ■ , yd G ^1 ex/if such that 



• ■ ■ : yj)g = ■ • • ,2/j-i>9 , l<j<rf, (60a) 



Proof Assume first that the conditions (I6OI 1 are satisfied for some linear forms 
HIt ■ ■ iVd G Vi and choose variables x such that Xi = Ui for 1 < i < d. Let the 
finite set Tiq be a basis of Xq as a vector space in triangular form with respect to 
the degree reverse lexicographic order, i. e. It^/ii 7^ lt^/12 for all hi, /12 G Tiq. 
We claim that Jiq is a Pommaret basis of the truncation X>q implying that the full 
ideal X possesses a Pommaret basis of degree q' < q and hence by Theorem |9.2| 
that legX < q. 

Let us write Tiq — {hkj \ I < k < n, 1 < £ < Ik} where clshk,£ = k. A 
basis of the vector space {X,xi, . . . , Xj)q is then given by all hk/ with k > j and 
all terms in (xi , . . . ,Xj)q. We will now show that 



{X,yi, . . .,yd)q = Vq ■ 



(60b) 



Hq+i = {xjhk,e I 1 < i < fc, 1 < fc < n, 1 < ^ < 4} 



(61) 



is a basis of I<j+i as a vector space. This implies that Hq is locally involutive for 
the Pommaret division and thus involutive by Corollary 7.3 of Part I. Since, by 
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assumption, X is generated in degrees less than or equal to q, we have furthermore 
(Tig) = I>g so that indeed H.^ is a Pommaret basis of the ideal X>g. 

Let / G and els / = j. By the properties of the degree reverse lexico- 
graphic order this implies that f = Xj f + g with / £ . . . , a;„] \ {0})^ and 
g e ((a^i, • • ■ ,Xj-i)) ^^-^ (cf. Lemma A.l of Part I). We distinguish two cases. 
The condition i60H implies that ((X, xi, . . . , Xd))^ — Vq. Thus if j > d, we may 
write / = ELd+iEfciCfc//ifc/+gwithcfc,f G kand^ e {{xi, . . .,Xd))^.We 

set /o = Y.k=j J2iLi Ck,ehk,e and /i = Y^iZli+i Y.f=i Ckjhkj + g- Obviously, 
/ e ((I, xi, . . . , Xj^i) : a^j)^. If J < d, then the condition ( I60al i implies that ac- 
tually / S {I,xi, . . . , Xj-i)q. Hence in this case we may decompose f — fo + fi 
with fo = Y.k=] Efci Ck,ehk,e and /i e ((xi, . . . , Xj^i))^. 

It is trivial that {Hq+i) C X^+i (here we mean the linear span over k and not 
over V). We show by an induction over j that Ig+i C {TCq+i). If j = 1, then 
/ = xJ with / e X,. Thus / e If J > 1, we write f = fa + fi with 

fo = a;j/o and /i = xjfi + g where fo and /i have been defined above. By 
construction, fo G (Hq+i), as is multiplicative for all generators contained in 
/o, and /i e with cls/i < j. According to our inductive hypothesis this 

impHes that /i e (Hq+i), too. Hence (Hq+i) = Iq+i- 

Assume conversely that the ideal I is g-regular Then, by Theorem |9.2[ it pos- 
sesses a Pommaret basis Ti. of degree regX < q with respect to the degree reverse 
lexicographic order. We set d = dimT'/X and claim that for the choice yi — Xi 
for 1 < i < d the conditions (|60] | are satisfied. For the second equality ( I60bl l 
this follows immediately from Proposition l3.14l which shows that it actually holds 
already at degree regX < q. 

For the first equality ( I60al l take a polynomial / G ((X, xi, . . . , xj-i) : xj)^. 
By definition, we have then Xjf G {X,xi, . . . ,Xj-i). If / G (^i, . . . 
then there is nothing to prove. Otherwise, a polynomial g G (xi, . . . , Xj^i) exists 
such that Xjf — g E T and obviously els {xjf — g) — j.lf we introduce the set 
Ti>j = {/i G 7i I cls/i > j'}, the involutive standard representation of Xjf — g 
induces an equation Xjf — J2h£n> -^h^ + 9 where g G Xj{xi, . . . , Xj^i) and 
Ph G {xj) (this is trivial if cls/i > j and follows from degh < qif dsh — j). 
Thus we can divide by Xj and find that already / G {T,xi, . . . , Xj-i)q. □ 

Bayer and Stillman |10| further proved that in generic coordinates it is not 
possible to find a Grobner basis of degree less than regX and that this estimate 
is sharp, as it is realised by bases with respect to the degree reverse lexicographic 
order The restriction to the generic case is here essential, as for instance most 
monomial ideals are trivial counter examples. Hence their result is only of lim- 
ited use for the actual computation of the Castelnuovo-Mumford regularity, as one 
never knows whether one works with generic coordinates. 

Example 9. 9 Consider the homogeneous ideal 

X = {z^ — wxy^, — x^z, yz'^ — wx'^) C Q[u', x, y, z] . (62) 
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The given basis of degree 8 is already a Grobner basis for the degree reverse lex- 
icographic term order If we perform a permutation of the variables and consider 
X as an ideal in y, x, z], then we obtain for the degree reverse lexicographic 
term order the following Grobner basis of degree 50: 

{?/'' — x^z, yz' — wx' ^ — wxy^ , y^z^ — wx^^ ^ 

y^^z^ - wx^^, y^^z^ - wx'^^ , y^^z^ - wx^-^ , 

y^^z^ - wx^\ y'^^z - wx*^ , y^° - wx'^'^] . (63) 

Unfortunately, neither coordinate system is generic: as regl = 13, one yields a 
basis of too low degree and the other one one of too high degree. 

With a Pommaret basis it is no problem to determine the Castelnuovo-Mumford 
regularity, as the first coordinate system is (5-regular A Pommaret basis of I for 
the degree reverse lexicographic term order is obtained by adding the polynomials 
z^ilf ~ x^z) for 1 < A; < 6 and thus the degree of the basis is indeed 13. < 



Yet another characterisation of g-regularity is due to Eisenbud and Goto 02411 . 
Again it can be obtained as an easy corollary to Theorem |9.2| 

Theorem 9.10 The homogeneous ideal T C V is q-regular, if and only if its trun- 
cation T>q admits a linear free resolution, i. e. X>q is generated by elements of 
degree q and all maps in the resolution are linear in the sense that the entries of 
the matrices describing them are zero or homogeneous polynomials of degree 1. 

Proof If I is g-regular, then by Theorem |9.2| it possesses in suitable coordinates a 
Pommaret basis Ti. of degree regX < q. The set Tiq defined by ([T]) is a Pommaret 
basis of the truncated ideal I>q according to Lemma IZ21 Now it follows easily 
from Theorem 15 . 1 01 that I>q possesses a linear free resolution, as all syzygies in 
the resolution ( |35] ) derived from Tiq are necessarily homogeneous of degree 1. 

The converse is trivial. The existence of a linear resolution for I>q immedi- 
ately implies that regX>q = q. Hence I>q possesses a Pommaret basis of degree q 
by Theorem |9.2| entailing the existence of a Pommaret basis for X of degree q' < q. 
Hence, again by Theorem |9.2[ regl = q' < q- □ 



10 Regularity and Saturation 

Already in the work of Bayer and Stillman ifTOll on the Castelnuovo-Mumford 
regularity the saturation X'^^* of a homogeneous ideal T C V plays an important 
role. Recall that by definition 

js.t ^ ^ . ^oo ^ 1^ ^ p I 3^ g . ^ . ^ 2:} . (64) 

An ideal T such that T = T^^^ is called saturated. We show now first how X^^* can 
be effectively determined from a Pommaret basis of 

" It seems to be folklore that for Grobner bases the construction in Proposition ! 10. 1 I vields 
a Grobner basis of X : x^; in 1641 Prop. 5.1.11] this observation is attributed (without 
reference) to Bayer. In our case we do not only get a Pommaret basis but it also turns out 
that here T^''' = 1 : xf (see the remarks below). 
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Proposition 10.1 Let Ti. be a Pommaret basis of the homogeneous ideal T for a 
class respecting term order We introduce the sets Tii = {/i S 7i | els /i = 1} and 

7^1 = {/i/a^i ' " \heHi}.Then'H= {H\Hi)U'Hi is a weak Pommaret 
basis of the saturation T^^^. 

Proof Recall that for terms of the same degree any class respecting term order 
coincides with the reverse lexicographic order. Hence of all terms in a generator 
h G Til the leading term It^/i has the lowest -degree. This implies in particular 
that TYi is well-defined and does not contain a generator of class 1 anymore. 

We first show that indeed TYi C I^''^^. Let di — max/ig^^i {deg^^ It^ft,} and 
Z\ = di + max/ig^Ki {deg — mmheHi {deg ft-}. We claim that Va ■ h C T for 
all h e Hi - Thus let G Va and choose k e No such that x^h € Hi; obviously, 
we have k < di. Since the polynomial x^^Xih lies in T, it possesses an involutive 
standard representation of the form 

x''xfh= J2 Phh+Y^Qhh (65) 

heH\Hi heHi 

with Ph e li[xi, . . . ,Xc\sh] and Qh € k[xi]. 

The left hand side of this equation is contained in (xi) and thus also the right 
hand side. Analysing an involutive normal form computation leading to the repre- 
sentation ( |65] ). one immediately sees that this implies that all coefficients (since 
here chh > 1) and all summands Qhh lie in (x'i). As a first consequence of this 
representation we observe that for any monomial a;^ (not necessarily of degree A) 
we may divide (|65] | by Xi and then obtain an involutive standard representation of 
x'^h with respect to the set H; hence this set is indeed weakly involutive for the 
Pommaret division and the given term order 

If x^ e Va, then we find for any h e Hi that | degh — degh\ < A and 
hence degQ^, = deg (x'^x^/i) — deg ft > k. Since Qh G k[a;i], this implies that 
under the made assumption on already the coefficient Qh lies in (xi) so that 
the product x^h possesses an involutive standard representation with respect to H 
and thus is contained in the ideal T as claimed. 

Now we show that every polynomial / G T^^*" may be decomposed into an 
element of T and a linear combination of elements of Hi . We may write f = f + g 
where / is the involutive normal form of / with respect to H and g G X. If / = 0, 
then akeady f E T and nothing is to be shown. Hence we assume that / 0. By 
definition of the saturation I**^', there exists a fc G Nq such that f -Vk C I, hence 
in particular Xif G T. This implies that lt_< (xif) G (It^H) p. Therefore a unique 
generator h G H exists with It^ft \p lt^(a;^/). 

So let lt^(a;^/) = x^lt^ft and assume first that els ft > 1. Since the term on 
the left hand side is contained in (xi), we must have ^i > k so that we can divide 
by Xi. But this implies that already It^/ G {\t^H)p contradicting our assumption 
that / is in involutive normal form. Hence we must have els ft = 1 and by the same 
argument as above ^i < k. 

Division by Xi shows that It^/ G {\t^Hi)p. Performing the corresponding 
involutive reduction leads to a new element fi G T^^^. We compute again its 
involutive normal form /i and apply the same argument as above, if /i 7^ 0. After 
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a finite number of such reductions we obtain an involutive standard representation 
of / with respect to the set H proving our assertion. □ 

By Proposition 5.7 of Part I, an involutive head autoreduction of the set H 
yields a strong Pommaret basis for the saturation T^^*-. As a trivial consequence 
of the considerations in the proof above we find that in (5-regular coordinates T^^*^ 
is simply given by the quotient T : xf^ (in the monomial case this also follows 
immediately from Proposition 14.31 (iv)). This observation in turn implies that for 
degrees q > deg Hi we have Tq = I^^'. Hence all ideals with the same saturation 
possess also the same Hilbert polynomial and become identical for sufficiently 
high degrees; X''^* is the largest among all these ideals. The smallest value qq such 
that Tq — Tq^* for all q> qa is often called the satiety satX of the ideal T. 

Corollary 10.2 Let Ti be a Pommaret basis of the ideal 2 Q V. Then X is sat- 
urated, if and only if TLi = $. If 2 is not saturated, then sati — degTii. In- 
dependent of the existence of a Pommaret basis, we have for any homogeneous 
generating set F of the socle X : V+ the equality 

satX= 1 + max{deg/ I / e J^A/ ^ X} . (66) 

Proof Except of the last statement, everything has already been proven in the dis- 
cussion above. For its proof we may assume without loss of generality that the 
coordinates are 5-regular so that a Pommaret basis HofX exists, as all quantities 
appearing in ( |66] | are invariant under linear coordinate transformations. 

Let h be an element of Hi having maximal degree. We claim that then h/xi G 
{I : V+) \ T. Indeed, since xi is always multiplicative for the Pommaret division, 
we cannot have h/xi E T (otherwise H would not be involutively head autore- 
duced), and if we analyse for any 1 < £ < n the involutive standard representation 
of Xih, then all coefficients of generators h E H \ Hi are trivially contained in 
(xi) and for the coefficients of elements h E Hi the same holds for degree rea- 
sons. Hence we can divide by xi and find that X(h/xi E T for all 1 < £ < n 
implying h/xi E T : V+. 

By our previous results, satX = deg h. By assumption, homogeneous polyno- 
mials Pf E V exist such that h/xi = Yl^feJ' ^ff- ^"^S - 1' ^^^^ ^ff ^ ^ 
since f El : V+. Hence for at least one f E the coefficient Pj must be a 

non-zero constant and thus deg / — satX — 1. □ 

Remark 10.3 The last statement in Corollarv ll0.2l is due to Bermejo and Gimenez 
lfT2l Prop. 2.1] who proved it in a slightly different way. For monomial ideals I, 
one obtains as further corollary [fT2l Cor. 2.4] that, if T : V+ — I : xi, then 
satX is the maximal degree of a minimal generator of I divisible by xi (this 
observation generalises a classical result about Borel-fixed ideals |30, Cor. 2.10]). 
If the considered ideal I possesses a Pommaret basis H, this statement also follows 
from the fact that under the made assumptions all elements of Hi are minimal 
generators. Indeed, suppose to the contrary that Hi contains two elements hi ^ /i2 
such that hi \ /i2. Obviously, the minimality implies deg^^ hi — deg^.^ /i2 and a 
non-multiplicative index 1 < ^ < 7i exists such that xihi \ /i2. Without loss 
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of generality, we may assume that /12 = xehi. But this immediately entails that 

xehi/xi — h2/xi ^ T and hence hi/xi G (I : xi) \ {I : V+). <\ 

A first trivial consequence of our results is the following well-known formula 
relating Caste Inuovo-Mumford regularity and saturation. 

Corollary 10.4 Let 1 CV be an ideal. Then rcgX = max {satX, regX''^*}. 

Proof Without loss of generality, we may assume that we use ^-regular coordi- 
nates so that I possesses a Pommaret basis Ti, with respect to the degree reverse 
lexicographic order. Now the statement follows immediately from Proposition llO.il 
and Corollary [1021 □ 

Trung 1 70 1 proposed the following approach for computing the regularity of a 
monomial ideal I based on evaluations. Let D = dim {V /T) and introduce for 
j — 0, . . . , D the polynomial subringl^T'^-') = ]k;[a;j+i, . . . , Xn] and within them 
the elimination ideals X^-') = X n T''-^-' and their saturations I*^-'^ — X*-^-* : Xj^^. A 
basis of X^-') is obtained by setting xi = ■ ■ ■ = xj ~ in a basis of X and for a 
basis of X^^") we must additionally set Xj^i = 1. Now define the numbers 

Cj = sup {q I (X(^) /X^^^)g ^0} + l, 0<j<D (67a) 
CD - sup {q I (P(^)/X(^)), ^ 0} + 1 . (67b) 

Trung fTO] proved that whenever none of these numbers is infinite, then their max- 
imum is just regX. We show now that this genericity condition is satisfied, if and 
only if the coordinates are (5-regular and express the numbers Cj as satieties. 

Theorem 10.5 The numbers cq, . . . ,C]j are all finite, if and only if the monomial 
ideal X (-V is quasi-stable. In this case Cj — satX'--'^ for < j < D and 

max {co, . . . , cd} = regX . (68) 

If d = dcpthX, then it suffices to consider Cd, ■ ■ ■ , cd- 

Proof We assume first that X is quasi-stable and thus possesses a Pommaret basis 
which we write H = {hk.e \ ^ < k < n, 1 < £ < £k} where chhk.i — k. One 
easily verifies that the subset TY^^' = {hk^e & Ti \ k > is the Pommaret basis 
of the ideal X'^'. If we set ak,e — deg^,^ hk,i, then the Pommaret basis of X^-') is 
-fcU) ^ TiO+i) u {/ij+i,f/a;";Y'' I 1 < ^ < ^j+i}- This immediately imphes that 
Cj = max{degft.j+i,f \ l<£< (j+i}- By consti'uction, dim (-p^^V^^'^') = 
and Proposition 13. 141 entails that for q = dcgTi'^^ the equality X^^"* — vj^^^ 
holds. Hence c/j = g (it is not possible that cd < q, as otherwise the set H was 
not involutively autoreduced). 

Thus we find that max{co, . . . ,cd} — degH and Theorem 19 . 21 vields (|68] |. 
Furthermore, it follows immediately from Corollary 110.21 and Proposition 13.141 



Compared with Trung (701, we revert as usual the order of the variables in order to be 
consistent with our conventions. 
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respectively, that Cj = satl^^' for < < £>. Finally, Proposition 12. 19l entails 
that the values cq, . . . , c^-i vanish. 

Now assume that the ideal T was not quasi-stable. By Part (ii) of Proposi- 
tion l4.3l this entails that for some < j < D the variable xj+i is a zero divisor in 
the ring r/{I, xi,..., a;^)"'*' ^ V^''> /(I^^))"^*. Thus a polynomial / ^ (jij))^^* 
exists for which Xj+if G (xU)y^^ which means that we can find for any suffi- 
ciently large degree g a polynomial g G V^^^ with degg — q — dcg/ such 
that fg ^ X'-'^ but xj+ifg G X^^\ Hence the equivalence class of fg is a non- 
vanishing element of (X*^^-* /X^^'' )q so that for a not quasi-stable ideal 1 at least one 
value Cj is not finite. □ 

One direction of the proof above uses the same idea as the one of Theorem |9.2| 
the Castelnuovo-Mumford regularity is determined by the basis members of max- 
imal degree and their classes give us the positions in the minimal resolution where 
it is attained (recall Remark l93l here these are simply the indices j for which Cj is 
maximal). However, while Theorem 19 .2 1 holds for arbitrary homogeneous ideals, 
Trung's approach can only be applied to monomial ideals. The formulation using 
satieties is at the heart of the method of Bermejo and Gimenez lfT2l to compute the 
Castelnuovo-Mumford regularity. Similar considerations yield an alternative proof 
of the following result of Bermejo and Gimenez lfT2l Cor 17] for monomial ideals. 

Proposition 10.6 Let X C V be a quasi-stable ideal and X — J\ C\ ■ ■ ■ C\ Jr 
its unique irredundant decomposition into irreducible monomial ideals. Then the 
equality regX = max {reg Ji , . . . , reg Jr \ holds. 

Proof We first note that the Castelnuovo-Mumford regularity of a monomial irre- 
ducible ideal J = {x^^ , • ■ • , a;^^ ) is easily determined using the considerations in 
Example 2.12 of Part I. There we showed that any such ideal becomes quasi-stable 
after a simple renumbering of the variables and explicitly gave its Pommaret basis. 
Up to the renumbering, the unique element of maximal degree in this Pommaret 
basis is the term x^/x^^^^ ■ ■ ■ xf*"^^ and thus it follows from Theorem 19.21 that 

regj = j:'.^,e,-k + l. 

Recall from Proposition 13.101 that an irreducible decomposition can be con- 
structed via standard pairs. As discussed in Section [3] the decomposition (T3[ is 
in general redundant; among all standard pairs (z/, Ni,) with N^, = N for some 
given set N only those exponents v which are maximal with respect to divisibility 
appear in the irredundant decomposition and thus are relevant. 

If we now determine the standard pairs of T from a Pommaret basis according 
to Remark [3. 121 then we must distinguish two cases. We have first the standard 
pairs coming from the terms a;^ of degree q — deg H not lying in T. They are of the 
form (^x" , {xi, . . . ,Xk}) where k = c\s ii and x'' = a;^/a;^'°. By Proposition l3.10l 
each such standard pair leads to the irreducible ideal J' — (a;^*^^ | k < £ < n). 
By the remarks above, reg = + 1 < — q ^ regl. 

The other standard pairs come from the terms x^ with \ v\ < (7. It is easy to 
see that among these the relevant ones correspond one-to-one to the "end points" 
of the monomial completion process: we call an element of the Pommaret basis H 
of I an end point, if each non-multiplicative multiple of it has a proper involutive 
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divisor in the basis (and thus one branch of the completion process ends with 
this elemen{3)- If x'' G 7i is such an end point, then the corresponding standard 
pair consists of the monomial x'^ = /xk where k = cXsji and the empty set 
and it yields the irreducible ideal J — {x'^/''^^ \ ^ < i <n). Thus we find again 
vegj = \v\ + l = \^\<q = rcgX. 

This proves the estimate regX > max {reg J7i, ... ,reg jTr}- The claimed 
equality follows from the observation that any element of degree q in H must 
trivially be an end point and the corresponding standard pair yields then an irre- 
ducible ideal J' with rcg J = q. □ 

The question of bounding the Castelnuovo-Mumford regularity of a homoge- 
neous ideal I in terms of the degree q of an arbitrary generating set has attracted 
quite some interest. Hermann l37l gave already very early a doubly exponential 
bound; much later Mayr and Meyer f49l showed with explicit examples that this 
bound is indeed sharp (see |9| for a more detailed discussion). 

For monomial ideals I the situation is much more favourable. It follows imme- 
diately from Taylor's explicit resolution of such ideals |68| (see [591 for a deriva- 
tion via Grobner bases) that here a linear bound 



holds where n is again the number of variables. Indeed, this resolution is supported 
by the Icm-lattice of the given basis and the degree of its fcth term is thus trivially 
bounded by kq. By Hilbert's Syzygy Theorem, it suffices to consider the first n 
terms which immediately yields the above bound. If the ideal I is even quasi- 
stable, a simple corollary to Proposition 1 1 0.61 vields an improved bound using the 
minimal generators of I. 

Corollary 10.7 Let the monomials mi, . . . , urir be the minimal generators of the 
quasi-stable ideal I C k[a;i, . . . , Xn\- If we set x^ = lcm(mi, . . . , nir) and 
d = min {els mi , . . . , els m^} ( /. e. d = depthlj, then the Castelnuovo-Mumford 
regularity of X satisfies the estimate 



and this bound is sharp. 

Proof Applying repeatedly the rule {T,tit2) = {^,ti) n {J^,t2) for arbitrary 
generating sets and coprime monomials ti, t2, one obtains an irreducible de- 
composition of T. Obviously, in the worst case one of the irreducible ideals is 
J' = {x'^'' , . . . , x^"). As we already know that reg J' = \X\ + d — n, this value 
bounds reg X by Proposition ll0.6l □ 

Remark 10.8 An alternative direct proof of the corollary goes as follows. Let Ti be 
the Pommaret basis of I. We claim that each generator .t^ G Ti. with els /i = fc 
satisfies jik < and jij < Xj for all j > k. The estimate for /ifc is obvious. 



regX < n{q — 1) + 1 



(69) 



regX < \X\+ d — n 



(70) 



Note that an end point may very well be a member of the minimal basis of X! 
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as it follows immediately from our completion algorithm that there is a minimal 
generator \ with Vk = Hk- 

Assume for a contradiction that the Pommaret basis Ti, contains a generator x'^ 
where fij > Xj for some j > els /i. If several such generators exist for the same 
value i, choose one for which fij is maximal. Obviously, j is non-multiplicative 
for a;^ and hence the multiple XjX^^ must contain an involutive divisor G Ti.. 
Because of our maximality assumption Vj < fjLj and hence j must be multiplicative 
for x'^ so that els v > j. But this fact trivially implies that x'^ |p contradicting 
that Ti. is by definition involutively autoreduced. 

Now the assertion follows immediately: under the made assumptions els A = d 
and in the worst case Ti contains the generator ^ ' ' ' which is of 

degree \\\ + d — n. <\ 

Remark 10.9 The same arguments together with Proposition 110.11 also yield im- 
mediately a bound for the satiety of a quasi-stable ideal I. As already mentioned 
above, a quasi-stable ideal is not saturated, if and only \f d — 1. In this case, we 
have trivially satX < |A| + 1 — n. Again the bound is sharp, as shown by exactly 
the same class of irreducible ideals as considered above. 

The estimate dTOb also follows immediately from the results in |12|. Yet an- 
other derivation is contained in 041 . <1 

If one insists on having an estimate involving only the maximal degree q of 
the minimal generators and the depth, then the above result yields immediately the 
following estimate, variations of which appear in ll2l fT7lfT8l . 

Corollary 10.10 Let X Q V be a quasi-stable ideal minimally generated in de- 
grees less than or equal to q. If depth X = d, then 



and both bounds are sharp. 

Proof Under the made assumptions we trivially find that the degree of the least 
common multiple of the minimal generators is bounded by |A| < (n— rf+l)(7. Now 
dTTT i follows immediately from (iTOl l. The upper bound is realised by the irreducible 
ideal I ~ {x\, . . . , x^^). The lower bound is attained, if T is even stable, as then 
Proposition l8.3l implies that regX = q independent of depthX. □ 

Remark 10.11 Eisenbud, Reeves and Totaro ll25l presented a variation of the esti- 
mate dTTT l. They introduced the notion of s-stability as a generalisation of stability: 
let s > 1 be an integer; a monomial ideal I is s-stable, if for every monomial 
x^^ £ I and every index n > j > els /i = fc an exponent 1 < e < s exists such 
that x'-''~'^''~^^^ G I. Then it is easy to see that for an s-stable ideal generated in 
degrees less than or equal to q the estimate 



holds, as X>q_|_(„_i)(s_i) is stable (thus any s-stable ideal is trivially quasi-stable). 
However, in general this is an overestimate, as it based on the assumption that I 



q<regl< {n - d + l){q - I) + 1 



(71) 



regX<q+(n-l)(s-l) 



(72) 
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possesses a minimal generator of class 1 and degree q which must be multiplied 
by X2~^xl~^ • ■ ■ in order to reach a stable set. 

Thus for the 8-stable ideal {x^,y^,z^) the estimate is indeed sharp (this is 
exactly the same worst case as in the proof above for an ideal of depth 1); the 
Pommaret basis contains as maximal degree element the monomial x^y^ . On 
the other hand, for the also 8-stable ideal (a;^, x^y^, a;^z^, z^) the regularity is 
only 16, as now the maximal degree element of the Pommaret basis is x^y^z^. < 

Finally, we recall that, given two quasi-stable ideals I^JQV and their re- 
spective Pommaret bases, we explicitly constructed in Remarks 2.9 and 6.5, re- 
spectively, of Part I weak Pommaret bases for the sum I + J, the product I ■ J 
and the intersection I J . They lead to the following estimates for the regularity 
of these ideals which were recently also given by Cimpoea§ M19II20I . 

Proposition 10.12 Let X^J^QVbe two quasi-stable ideals. Then the following 
three estimates hold: 

reg {I + J) < max {reg J, reg J} , (73a) 
reg (I-J)< regX + reg , (73b) 
reg {In J) < max {reg I, reg J} . (73c) 

Proof The first two estimates follow immediately from the weak Pommaret bases 
given in the above mentioned remarks and Theorem |9.2| For the last estimate the 
weak Pommaret basis constructed in Remark 6.5 of Part I is not good enough; it 
would also yield reg I + reg J7 as upper bound. However, Lemma l2!2l allows us to 
improve it significantly. Let Q be the Pommaret basis of I and H the one of J'. If 
we set q = max {degG, deg Ti.}, then one easily sees that Gq^Hq is the Pommaret 
basis of (I n J)>q- Hence, the intersection Xr\ J possesses a Pommaret basis of 
degree at most q. □ 



11 Iterated Polynomial Algebras of Solvable Type 

In Section 11 of Part I we studied involutive bases in polynomial algebras of solv- 
able type over rings. We had to substitute the notion of an involutively head autore- 
duced set by the more comprehensive concept of an involutively 7?,-saturated set. 
In a certain sense this was not completely satisfying, as we had to resort here to 
classical Grobner techniques, namely computing normal forms of ideal elements 
arising from syzygies. Using the syzygy theory developed in Section|5j we provide 
now an alternative approach for the special case that the coefficient ring 7?. is again 
a polynomial algebra of solvable type (over a field). It is obvious that in this case 
left ideal membership in TL can be decided algorithmically and by Theorem l5.4l it 
is also possible to construct algorithmically a basis of the syzygy module. 

Remark 11.1 In Section|5]we only considered the ordinary commutative polyno- 
mial ring, whereas now we return to general polynomial algebras of solvable type 
(over a field). However, it is easy to see that all the arguments in the proof of 



Involution and (5-Regularity II 



61 



the involutive Schreyer Theorem 15 .41 depend only on normal form computations 
and on considerations concerning the leading exponents. The same holds for the 
classical Schreyer theorem, as one may easily check (see also [46 , 47 1 for a non- 
commutative version). Thus the in the sequel crucial Theorem l5 .4l remains valid in 
the general case of non-commutative polynomial algebras. <] 

We use the following notations in this section: TZ = (k[yi, . . . , j/m], *, ^y) and 
V = {TZ[xi , . . . , Xn] , ^x)- Furthermore, we are given an involutive division Ly 
on Nq* and a division on Ng . For simplicity, we always assume in the sequel 
that at least Ly is Noetherian. In order to obtain a reasonable theory, we make 
similar assumptions as in Section 11 of Part 1: both TZ and V are solvable algebras 
with centred commutation relations so that both are (left) Noetherian. 

We now propose an alternative algorithm for the involutive 7?^-saturation. Until 
Line /1 3/ it is identical with Algorithm 6 of Part 1; afterwards we perform an invo- 
lutive completion and multiply in Line /1 7/ each polynomial in Hj ^ by the non- 
multiplicative variables of its leading coefficient. In the determination of involutive 
normal forms, we may multiply each polynomial h' e H' only by monomials rx^ 
such that e n[XL^^w.-<Jh')] andr etlYL^j.^^^H'^^ ^j^^^{\c^^h')]. 

Proposition 11.2 Let Ly be a Noetherian constructive division. Algorithm\l\ter- 
minates for any input T with an involutively TZ-saturated and head autoreduced 
set TL such that (Ti.) = {J-). Furthermore, the sets \c^fih,L^ form weak Ly- 
involutive bases of the TZ-ideals generated by them for each h G H. 

Proof The termination criterion in Line /26/ is equivalent to local involution of all 
the sets Ic^^TY^ ^ . Under the made assumptions on the division Ly and because 
of the fact that V is Noetherian, the termination of the algorithm and the assertion 
about these sets is obvious. In general we only obtain weak involutive bases, as 
no involutive head autoreductions of these sets are performed. The correctness is a 
consequence of Theorem l5.4l by analysing all non-multiplicative products we have 
taken into account a whole basis of the syzygy module Syz(lc^^7i^ ^ ). Thus the 
output H is indeed involutively 7?.- saturated. □ 

Tlieorem 11.3 Let V satisfy the made assumptions and L^ be a Noetherian divi- 
sion. If in Algorithm 3 of Part I the subalgorithm InvHeadAutoReducei^^^^ is 
substituted by Algorithm\l\ then the completion will terminate with a weak involu- 
tive basis of X ^ {T) for any finite input set T <Z V such that the monoid ideal 
le^^X possesses a weak involutive basis. Furthermore, the sets \c^_^'Hh,L^ form 
strong Ly-involutive bases of the TZ-ideals generated by them for each /i S 7i. 

Proof The proof of the termination and of the correctness of the algorithm is as in 
Part I. The only new claim is that the sets Ic^^^Tih.L^ are strongly L^-involutive. 
This is a simple consequence of the fact that under the made assumption on the 
product in P the loop in Lines /5-13/ of Algorithm [T] leads to an involutive head 
autoreduction of these sets. Hence we indeed obtain strong involutive bases. □ 

Corollary 11.4 If L^ is the Janet division, then each polynomial / S X pos- 
sesses a unique involutive standard representation f = X^hgw * h where 
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Algorithm 1 Involutive 7?.-saturation (and head autoreduction) 
Require: finite set T <ZV, involutive divisions Ly on N™ and L^, on Nq 
Ensure: involutively 7^-saturated and liead autoreduced set H. with (7i) = {T) 
U'^T; S ^ T 
while S / do 

V «— max^^ le^^5; Sv ^ {f £TL\ le^^/ = u} 

s^s\s,/, n' 

for all f e Si, do 

h ^ HeadReducei,^,^^ (/, Ti.) 
if / / /i then 

if /i 7^ then 

H' ^H'U {h} 
end if 
end if 
end for 
if 5^/0 then 

choose / G Sv and determine the set 
repeat 

T - {y, * f I / G G ?i„,ic,,(H', ,j.^„(lc^./)} 

repeat 

choose h' £ T such that le^^, (Ic^^ h') is minimal 
T^T\{h'} 

h ^ NormalFormL^,^^,Lj^,^j,(/l',H') 
if /i / then 

H' ^H' U {h} 
end if 
until T = V / 
until T = A /i = 
end if 

ifH' 7^ -Wthen 

end if 
end while 
return Ti. 



Proof For the Janet division the only obstruction for H being a strong involutive 
basis is that some elements of it may have the same leading exponents. More pre- 
cisely, for any h E Hwe have 'Hh,L^ = {h' G H \ ^e^^h' = le^^h}. This imme- 
diately implies furthermore Hh.L^c ~ T^h.L^^ ■ By Theorem lll.3l the sets Ic^^Hh.L^ 
form a strong Ly-involutive basis of the ideals they generate. Hence the claimed 
representation must be unique. □ 



12 Conclusions 



(5-regularity is often considered as a purely technical nuisance and a problem spe- 
cific to the Pommaret division. Our results here lead to a more intricate picture. 
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(5-regularity of a given generating set in the sense of Definition 12.41 is indeed a 
technical concept appearing in the analysis of the termination of the completion 
Algorithm 3 of Part I. By contrast, (5-regularity of an ideal in the sense of Defini- 
tion |2T| has an intrinsic meaning. This can already be seen from the simple fact 
that in the case of linear differential operators there is a close relation to character- 
istics (see any textbook on partial differential equations, e. g. I.43..55 I): a necessary 
condition for a coordinate system to be ^-regular is that the hypersurface Xn = is 
non-characteristic. Indeed, the standard definition of a characteristic hypersurface 
may be rephrased that on it one cannot solve for all derivatives of class n. 

We have also seen that (5-regularity is related to many regularity concepts in 
commutative algebra and algebraic geometry. Many statements that are only gener- 
ically true hold in (5-regular coordinates. In particular, in (5-regular coordinates 
many properties of an affine algebra A = 'P /I may already be read off the mono- 
mial algebra A' /It^I where -< is the degree reverse lexicographic order 

For example, it follows immediately from Proposition 13.161 that depth A — 
depths' and that (zi, . . . , Xd) is a maximal regular sequence for both algebras. 
As in the homogeneous case it is also trivial that dimyl = dimyl', we see that 
the algebra A is Cohen-Macaulay, if and only if A' is so. Similarly, it is an easy 
consequence of Theorem [O] that proj dim^ = proj dim^' and of Theorem l9.2l 
that legA = reg^'. An exception are the Betti numbers where Example 18.71 
shows that even in (5-regular coordinates A and A' may have different ones. 

These equalities are of course not new; they can already be found in ifTol (some 
even in earlier references). However, one should note an important difference: 
Bayer and Stillman 1 10 1 work with the generic initial ideal, whereas we assume 5- 
regularity of the coordinates. These are two different genericity concepts, as even 
in (5-regular coordinates It^X is not necessarily the generic initial ideal (in contrast 
to the former, the latter is always Borel fixed). 

When we proved in Corollary 18.101 and 19.51 respectively, the two inequalities 
proj dim^ < proj dimy^' and regX < rcg (lt_<X) for arbitrary term orders 
we had to assume the existence of a Pommaret basis of I for -<. It is well-known 
that these inequalities remain true, if we drop this assumption (see for example the 
discussions in |9 10 15]). We included here our alternative proofs because of their 
great simplicity and they cover at least the generic case. 

In view of these observations, it seems to be of interest for the structure anal- 
ysis of polynomial modules to construct explicitly (5-regular coordinates. The ap- 
proaches presented in Sections |2]and|4]offer an alternative to the classical expen- 
sive methods like random or generic coordinates. For coordinate systems not too 
far away from (5-regularity, they should be much more efficient and in particular 
destroy much less sparsity. Of course, one may also combine the random strategy 
with our criterion of (5-singularity in order to ensure that the transformation has 
indeed resulted in a good coordinate system. We also note that (5-regularity of the 
coordinates xi, . . . , x„ for an ideal X is equivalent to their quasi-regularity for the 
algebra V /I in the sense of Serre (see his letter published as an appendix to the 
article f33l by Guillemin and Sternberg) f35l. 

As already mentioned, many of the results in Sections |6]-[8] are generalisations 
of the work of Eliahou and Kervaire ll26l . They considered exclusively the case 
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of Stable modules where we obtain a minimal resolution. If one analyses closely 
their proofs, it is not difficult to see that implicitly they introduce Pommaret bases 
and exploit some of their basic properties. Our proof of Theorem 18.61 appears so 
much simpler only because we have already shown all these properties in Part I. 
Furthermore, Eliahou and Kervaire did not realise that they constructed a syzygy 
resolution in Schreyer form. Hence they had to give a lengthy and rather messy 
proof that the complex (5* , S) is exact, whereas in our approach this is immediate. 

We rediscover all their complicated calculations in the proof of Theorem l7.2l 
But note that this explicit formula for the differential is needed neither for proving 
the minimality of the resolution nor for its construction, although the latter is of 
course simplified by it. Furthermore, the theory of involutive standard representa- 
tions gives us a clear guideline how to proceed. 

Our results strongly suggest a homological background of the Pommaret di- 
vision. Indeed, most of the quantities like the depth or the Castelnuovo-Mumford 
regularity determined by the Pommaret basis of an ideal X are of a homologi- 
cal nature; more precisely, they correspond to certain extremal points in the Betti 
diagram and thus come from the Koszul homology. It is a conjecture of us that 
knowledge of the Pommaret basis (for the degree reverse lexicographic term or- 
der) of T is equivalent to knowing the full Koszul homology of T and that it is 
possible to construct explicitly one from the other In the special case of monomial 
ideals, Sahbi showed recently in his diploma thesis |56| how the Koszul homology 
of a quasi-stable ideal can be computed from the _P-graph of its Pommaret basis. 

The combination of Corollarv l3.8l and Proposition ^. 16l allows us to make some 
statements about the so-called Stanley conjecture. It concerns the minimal num- 
ber of multiplicative variables for a generator in a Stanley decomposition. Fol- 
lowing Apel |5, Def. 1] and Herzog et al. [381 we call this number the Stanley 
depth of the decomposition and for an ideal I C V the Stanley depth of the al- 
gebra A = V/T, written sdepthy^, is defined as the maximal Stanley depth of 
a complementary decomposition for T. In its simplest form the Stanley conjec- 
ture claims that we always have the inequality sdepth A > depth A. Obviously, 
Corollarv l3.8l together with Proposition l3.16l (plus the existence Theorem l2.15l for 
Pommaret bases) shows that this inequality holds for arbitrary ideals. 

The rigorous formulation of the Stanley conjecture [62 Conj. 5.1] concerns 
monomial ideals and requires that all generators in the decomposition are again 
monomials. Furthermore, no variables transformation is allowed. Then our results 
only allow us to conclude that the Stanley conjecture is true for all quasi-stable 
ideals. Some further results on this question have been achieved by Apel EHH 
with the help of a slightly different notion of involutive basesF^ 

Many of the results mentioned above are quite well-known for Borel-fixed ide- 
als and thus for generic initial ideals. However, it appears that for many purposes 
it is not necessary to move to this highly special class of ideals; quasi-stable ideals 
which are easier to produce algorithmically share many of their properties. Thus 

O considers the Stanley conjecture for the ideal X itself Instead of the factor algebra 
A = V/I. Here It follows immediately from the definition of a Pommaret basis and Propo- 
sition |2.19l that the Stanley conjecture is true in its weak form for arbitrary polynomial ideals 
and in its strong form for all quasi-stable ideals. 
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it is not surprising that quasi-stable ideals have appeared under different names in 
quite a number of recent works in commutative algebra (e. g. Ill2lll7ll39l ). 

The results presented in this article offer two heuristic explanations for the effi- 
ciency of the involutive completion algorithm already mentioned in Part I. The first 
one is that according to our proof of Theorem IS .4l the involutive algorithm automat- 
ically takes into account many instances of Buchberger's two criteria for redundant 
S'-polynomials. Whereas a naive implementation of Buchberger's algorithm with- 
out these criteria fails already for rather small examples, a naive implementation of 
the involutive completion algorithm works reasonably for not too large examples. 

The second explanation concerns Proposition |3]2] It is well-known that the so- 
called "Hilbert driven" Buchberger algorithm (69] is often very fast, but it requires 
a priori knowledge of the Hilbert polynomial. The involutive completion algorithm 
may also be interpreted as "Hilbert driven". The assignment of the multiplicative 
variables defines at each iteration a trial Hilbert function. This trial function is 
the true Hilbert function, if and only if we have already reached an involutive 
basis; otherwise it yields too small values. For continuous divisions the analysis of 
the products of the generators with their non-multiplicative variables represents a 
simple check for the trial Hilbert function to be the true one. 

While for many ideals the involutive approach is an interesting alternative for 
the construction of Grobner bases, there exist some obvious cases where this is not 
the case. The first class are monomial ideals. Here any basis is already a Grobner 
basis, whereas an involutive basis still has to be constructed. Another class are 
toric ideals where recent work by Blinkov and Gerdt fT7| showed that involutive 
bases are typically much larger than Grobner bases. In both cases, the reason is 
that these ideals are rarely in general position and that hence Grobner bases of a 
much lower degree than regX exist. 

An interesting question is whether the results of this second part can be ex- 
tended to the polynomial algebras of solvable type introduced in the first part. This 
is trivial only for the determination of Stanley decompositions, as they are defined 
as vector space isomorphisms and therefore do not feel the non-commutativity 
(note that we always have the commutative product • on the right hand side of 
the defining equation (|7]) of a Stanley decomposition). Thus involutive bases are a 
valuable tool for computing Hilbert functions even in the non-commutative case. 
This also yields immediately the Gelfand-Kirillov dimension ifSOl Sect. 8.1.11] as 
the degree of the Hilbert polynomial (only in the commutative case it always co- 
incides with the Krull dimension). Some examples for such computations in the 
context of quantum groups (however, using Grobner instead of involutive bases) 
may be found in 1 16 |. 

By contrast, our results on the depth and on the Castelnuovo-Mumford regu- 
larity rely on the fact that for commutative polynomials / G {xj) implies that any 
term in / is divisible by Xj. In a non-commutative algebra of solvable type we 
have the relations + hij and in general the polynomial /ly is not 

divisible by Xj . 

For syzygies the situation is complicated, too. The proof of Theorem 15.41 is 
independent of the precise form of the multiplication and thus we may conclude 
that we can always construct at least a Grobner basis of the syzygy module. Our 
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proof of Theorem 15 . 1 01 relies mainly on normal form arguments that generalise. 
A minimal requirement is that the term order -<t-c respects the multiplication *, as 
otherwise the theorem does not even make sense. Furthermore, we must be careful 
with all arguments involving multiplicative variables. We need that if Xi and Xj 
are both multiplicative for a generator, then Xi-kxj — CijXtXj + hij must also con- 
tain only multiplicative variables which will surely happen, if hij depends only on 
variables Xk with k < max {i,j}- This is for example the case for linear differen- 
tial operators, so that we may conclude that Theorem 15 . 1 01 ( and its consequences) 
remain true for the Weyl algebra and other rings of differential operators. 

Example 12.1 Recall from Example 3.9 of Part 1 that the universal enveloping al- 
gebra of the Lie algebra so (3) is isomorphic to the ring {k.[xi , X2 , x^] , ★) with the 
product ★ induced by the relations 

Xi ★ X2 = 2:1X2 , X2*Xi ^ X1X2 - X3 , 

xi ★xa = xixa , xs* xi = X1X3 + X2 , (74) 

X2*X3 — X2X3 , X3-kX2 = X2X3 — Xl . 

Obviously X1X2 — X3 G {xi), but the term 0:3 is not divisible by xi. It follows 
from the same relation that X2 * xi depends on X3 and thus the arguments on 
multiplicative variables required by our proof of Theorem l5. lOl break down. <] 

A Rees Decompositions a la Sturmfels- White 

Sturmfels and White ll67l presented an algorithm for the effective construction 
of Rees decompositions (based on earlier works by Baclawski and Garsia [|2l). 
We show now that generically it yields a Pommaret basis. However, we believe 
that the involutive approach is much more efficient. It does not only allow us to 
avoid completely computations in factor algebras, using our results in Section |2] 
we obtain more easily and constructively the right coordinates whereas Sturmfels 
and White must rely on a probabilistic approach. 

We introduce some additional notations. Let again Aihe a finitely generated 
module over the ring V — h[xi, . . . , Xn] - The annihilator of an element f e 
is Ann(f) = g T' | = 0}. The k-vector space Zm C is defined as the 
set Zm = {f G I Ann(f ) = (xi, . . . , x„)}. The approach of Sturmfels and 
White is based on the following fact which may be interpreted as their version of 
the concept of (5-regularity. 

Lemma A.l // Zm = 0, there exists a non zero divisor y G Vi, i. e. y{ = 
implies f = for all f G A4. Identifying Vi with k", the set of all non zero 
divisors contains a Zariski open subset. 

The Sturmfels-White Algorithm |2] computes a basis 3^ = {yi, . . . , ?/„} of Vi 
and a set C of generators such that (as graded k-vector spaces) 



M = 0k[yi,...,2;cish]-h 
hen 



(75) 
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Here the class els h is automatically assigned in the course of the algorithm and 
not necessarily equal to the notion of class we introduced in the definition of the 
Pommaret division. Within this appendix, the latter one will be referred to as co- 
ordinate class cclsxh, since its definition depends on the chosen coordinates x. 



Algorithm 2 Construction of a Rees Decomposition a la Sturmfels-White 

Require: polynomial module M over V = 'k[x-L, . . . , x„] 

Ensure: basis y ofVi, set Ti. of generators defining Rees decomposition ( |75b 

1: fc^O; p^O; M' ^ M 

2: wliileX' / do 

3: compute Zj^i 

4: if ^jv,/ = Othen 

5: k<-k + l 

6: choose a non zero divisor i/k G Vi linearly independent of {yi, . . . ,yk~i} 

7; M'^M'/vkM' 

8: else 

9: compute hp+i , . . . , hp+e £ A4 such that { [hi] \ p<i<p + £} 

is a basis of Zj^i 

10: for i from p + 1 to p + ^ do 

11: els hi ^ 

12: end for 

13: p^p + e 

14: M' ^ M'/Zm' 

15: end if 

16: end while 

17: if fc < n then 

18: complete {yi, . . . , j/fe} to a basis y of Vi 

19: end if 

20: return (:y,H= {(hi, els hi), (hp, els hp)}) 



Whether the individual steps of Algorithm|2]can be made effective depends on 
how A4 is given. If it is presented by generators and relations, as we always as- 
sume, one may use Grobner bases; Sturmfels and White formulated their algorithm 
directly for this case. Note that they need repeated Grobner bases calculations in 
order to perform algorithmic ally all the computations in factor modules. A further 
problem is to find the non zero divisors, as Lemma [ATI onlv guarantees their ex- 
istence but says nothing about their determination. Sturmfels and White proposed 
a probabilistic approach. As the non zero divisors contain a Zariski open subset 
of Vi, random choice of an element of Vi yields one with probability 1. 

Theorem A.2 The Algorithm\2\terminates for any finitely generated polynomial 
module Ai with a Rees decomposition. 

For a proof we refer to fTWl where also Lemma IaTI is proved. We will show 
that generically the Sturmfels-White Algorithm|2]returns a Pommaret basis when 
applied to a submodule of a free module. We begin by studying the relation be- 
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tween the classes and the coordinate classes of the generators of a Rees decompo- 
sition determined with this algorithm. 

Proposition A.3 Let Ti. define a Rees decomposition of the fonn ^^5^ for the sub- 
module M C with respect to the basis y of Vi and let Ti. and y be determined 
with the Sturmfels-White Algorithm^ With respect to the basis y we have the in- 
equalities els h > cclsyh/or all h G Ti. 

Proof Zm = for a submodule Ai izV^ . Thus Algorithm|2]produces no gener- 
ators of class 0. The coordinate class is always greater than 0. 

We follow step by step Algorithm|2] In the first iteration some non zero divisor 
yi E Vi is chosen and in the second iteration we must treat the factor module 
— Ai/yiAi. Now { E Ai represents an element of Zj^(i), if and only if 
2/fcf S yi-M for all k > 1. Thus cclSy(j/A;f) = 1 for all fc > 1 which is only 
possible if cclsyf = 1. 

If Zj^(i-) ^ 0, Algorithm|2]proceeds with Al^^) ^ ^{i) jZj^m ■ Now f e 7W 
represents an element of Zf^ci), if and only if for all fc > 1 the product j/^f either 
is an element of y\M^ or represents an element of Zj^(\) . In both cases this is only 
possible, if cclsyf = 1. The same argument holds until Zj^(t) — for some 
Thus all generators h to which Algorithmic assigns the class 1 are divisible by y\ 
and hence all their terms possess the coordinate class 1. 

The next module to consider is A^(^+^^ — A^(^'/j/2A^''^''- Proceeding as above 
we see that f e represents an element of , if and only if i/fef € y2M. 

for all fc > 2 implying that cclsyf < 2. Using the same argument as above, we 
conclude that all generators of class 2 according to the Sturmfels-White algorithm 
consist of terms with a coordinate class less than or equal to 2. Following Algo- 
rithm |2] until the end we obtain the assertion, namely that clsh > cclsyh for all 
generators h e ?i. □ 

As it may happen that els h > cclsyh for some generator h, the set is not 
necessarily a Pommaret basis. More precisely, the coordinates y are not necessarily 
5-regular for . We show now similarly to the proof of Theorem l2.12l that we may 
always transform y into a ^-regular coordinate system z. 

For simplicity, let us assume that only one generator h with cclsyh < clsh 
exists and that els h = 2. Consider a coordinate transformation ~ y^ for fc > 1 
and zi =2/1+ cy2 where c G k is chosen such that with respect to the new 
coordinates cclszh = 2. The possible values of c form a Zariski open set in k. 
By Lemma IaTI the non zero divisors among which yi was chosen in Algorithm|2] 
contain a Zariski open subset of Vi- Thus there exist values of c such that both 
cclszh = 2 and zi is a non zero divisor 

As in the proof of Theorem l2.12l it is not difficult to show that this transforma- 
tion increases the involutive size of the set H. Applying a finite number of similar 
changes of coordinates leads to a new basis Z of Vi in which cclszh — els h. As 
we still have a Rees decomposition, is a Pommaret basis of A4 and the coordi- 
nates z are 5-regular. Obviously, the one-forms Zi would have been valid choices 
for the non zero divisors in Algorithmic Thus we conclude that this algorithm may 
be used for the construction of Pommaret bases. The following proposition shows 
that in fact any Pommaret basis may be constructed this way. 
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Proposition A.4 Let Ti be a Pommaret basis of the submodule Ai C with 
respect to the 5-regular coordinates y and a class respecting term order -<. The 
one-forms yi may be used as non zero divisors in Algorithm^and the there ob- 
tained generators h satisfy els h = cclSy h. They are 'k.-linear combinations of the 
elements of Ti.; one may even use the elements of Ti. as generators. 

Proof The Pommaret basis H defines a Rees decomposition 



As in the proof of the Proposition ! A. 31 we follow step by step the Sturmfels- White 
Algorithm|2] Let TW^^^ = M /yiM and Tii = {h e H | cclsyh = 1}. The vector 
space Zj^ii) is isomorphic to a subspace of the vector space freely generated by 
Hi, as by Proposition I A.3 1 Z a 4 m contains only elements with coordinate class 1 
and the only elements of A4 of coordinate class 1 which are not in yiA4 are Ik- 
linear combinations of the elements of T-Ci. 

Let h G Hi and fc > 1. We determine the involutive normal form of ykh 
induced by ( l76l) . Every term in yfch has coordinate class 1, thus t = lt^(?;fch) 
satisfies cclsyt = 1. Since is a strong basis, there exists precisely one generator 
h' G H such that It^h' |p i. If It^h' = t, then h' £ Hi, as -< is class respect- 
ing. After the corresponding reduction step, the initial term of the result is still of 
coordinate class 1. So the normal form of y^h has the following structure 



for some coefficients e k and an element f e M. The vector space Zj^(i) is 
generated by those h e Hi where the first summand in (l77b is zero; this includes 
all elements of Hi of maximal degree. 

Thus if Hi 0, then Zj^^i) ^ 0. Algorithm |2] proceeds in this case with 
A^(2) = If dimZ^d, < \Hi\, thenZ^(2) 7^ 0. Algorithm |2] will 

iterate Line /14/, until all elements of Hi have been used up. When this stage is 
reached, Zj^{i) ~ 0. It follows from the direct sum in (|76] | that 7/2 is a non zero 
divisor for A^'^^ and we may proceed with = A^(^) jyiM'^^^ ■ 

Let H2 = {h g I cclsyh = 2}. As above, Z^({+i) is isomorphic to 
a subspace of the vector space freely generated by Hi. There are some minor 
modifications in (ITTT i: the first sum is over all h e Hi and there are additional 
summands which vanish either modulo y\M. or modulo yiM.'^^^ or modulo some 
for I < i < £. Again AIgorithm|2]will iterate line /14/, until all elements of 
Hi have been used up. The same argument may be repeated for ys, ■ ■ ■ ,yn. 

Thus, Algorithm 12] terminates with a Rees decomposition (with respect to the 
basis y C Vi) generated by H where \H\ = \H\ and where the elements h g Ti 
with els h = fc freely generate the same vector space as the elements h G Ti with 
cclsyh = k. We may even choose Ti = Ti. In any case, els h — cclsyh and Ti is a 
Pommaret basis of Ai. □ 



Al = k[?/i,...,yccisyh] -h. 



(76) 



hen 




(77) 
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Remark A. 5 Note the strong similarity between this proof and the proof of Propo- 
sition IZTH This is not surprising, as the minimal class assigned by the algorithm 
is equal to depth 167 J and the basis y determined by Algorithm |2] is quasi- 
regular for the module in the sense of Serre (see the letter of Serre appended to 
||33l or f60l). In fact, Lemma IaTI follows immediately from the results of Serre. 
They imply furthermore that Zm is always finite-dimensional and thus it is not 
really necessary to factor by Zm ■ In ll60l it is shown that coordinates are ^-regular 
for the a submodule M C , if and only if they are quasi-regular for the factor 
module j M.. Thus in principle, one should always compare Algorithm |2] ap- 
plied to V' /AA with the Pommaret basis of (recall that the latter also leads 
immediately to a Rees decomposition of j M. via Corollarv l3.8l l. < 
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